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Ââåäåíèå

Â äàííîé ñòàòüå ðàññìîòðåí ÷èñëåííûé ìåòîä ðåøåíèÿ çàäà÷è Êîøè äëÿ

íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ìåòîä îñ-

íîâàí íà èñïîëüçîâàíèè ðÿäîâ Ôóðüå ïî ñèñòåìàì ôóíêöèé Φr = {ϕr,k}, îðòî-
íîðìèðîâàííûõ â ñìûñëå Ñîáîëåâà îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ

〈f, g〉 =

r−1∑
ν=0

f (ν)(a)g(ν)(a) +

∫ b

a

f (r)(x)g(r)(x)µ(x)dx, (1)

Â ðàáîòàõ Øàðàïóäèíîâà È.È. (ñì., íàïðèìåð, [1�7]) ðàçðàáîòàíû òåîðèÿ

è ìåòîäû ïîñòðîåíèÿ îðòîíîðìèðîâàííûõ îòíîñèòåëüíî (1) ñèñòåì ôóíêöèé.

Äëÿ ýòîãî âûáèðàåòñÿ îäíà èç êëàññè÷åñêèõ ñèñòåì Φ = {ϕk}∞k=0, îðòîãîíàëü-

íûõ îòíîñèòåëüíî îáû÷íîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ

〈f, g〉 =

∫ b

a

f(t)g(t)µ(t)dt, (2)
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è íà å¼ îñíîâå ñòðîÿòñÿ ôóíêöèè ϕr,k(x) ïîñðåäñòâîì ðàâåíñòâ

ϕr,k(x) =
(x− a)k

k!
, k = 0, 1, . . . , r − 1, (3)

ϕr,k(x) =
1

(r − 1)!

x∫
a

(x− t)r−1ϕk−r(t)dt, k = r, r + 1, . . . . (4)

Ñèñòåìà ôóíêöèé Φr = {ϕr,k}∞k=0, îïðåäåë¼ííàÿ ôîðìóëàìè (3), (4), êàê áûëî

ïîêàçàíî â óïîìÿíóòûõ âûøå ðàáîòàõ, áóäåò îðòîíîðìèðîâàíà îòíîñèòåëüíî

ñêàëÿðíîãî ïðîèçâåäåíèÿ (1). Ðÿä Ôóðüå ôóíêöèè y(x) ïî ñèñòåìå ôóíêöèé

Φr èìååò ñëåäóþùèé âèä:

y(x) ∼
r−1∑
k=0

y(k)(a)
(x− a)k

k!
+

∞∑
k=r

cr,k(y)ϕr,k(x), (5)

ãäå

cr,k(y) =

∫ 1

−1
y(r)(t)ϕk−r(t)µ(t)dt. (6)

Ðÿäû Ôóðüå ïî ôóíêöèÿì, îðòîãîíàëüíûì â ñìûñëå Ñîáîëåâà, ÿâëÿþòñÿ

î÷åíü óäîáíûì èíñòðóìåíòîì ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåì îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé. Â íàñòîÿùåé ñòàòüå ìû áóäåì ðàññìàòðèâàòü

çàäà÷ó Êîøè ñëåäóþùåãî âèäà

y′(x) = f(x, y), y(0) = y0, x ∈ [0, 1], (7)

ãäå f = (f1, . . . , fm), y = (y1, . . . , ym). Âåêòîð-ôóíêöèþ f(x, y) áóäåì ñ÷èòàòü

íåïðåðûâíîé â íåêîòîðîé çàìêíóòîé îáëàñòè Ḡ ïåðåìåííûõ (x, y), ñîäåðæàùåé

òî÷êó (0, y0). Êðîìå òîãî, ìû ïðåäïîëîæèì, ÷òî ïî ïåðåìåííîé y ôóíêöèÿ

f(x, y) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

‖f(x, a)− f(x, b)‖ 6 λ‖a− b‖, 0 6 x 6 1, (8)

ãäå ‖(a1, . . . , am)‖ =
√∑m

l=1 a
2
l . Íå îãðàíè÷èâàÿ îáùíîñòè, ìû ìîæåì ñ÷èòàòü,

÷òî [0, 1] × Rm ⊂ Ḡ, òàê êàê â ñëó÷àå íåîáõîäèìîñòè ìû âñåãäà ìîæåì ïðî-

äîëæèòü ôóíêöèþ f(x, y) ïî ïåðåìåííîé y íà âñ¼ Rm, ñîõðàíÿÿ ñâîéñòâî å¼

ïîä÷èí¼ííîñòè óñëîâèþ Ëèïøèöà (8).

Â ñòàòüå [8] îïèñàí èòåðàöèîííûé ìåòîä ðåøåíèÿ çàäà÷è Êîøè âèäà (7) ñ

ïîìîùüþ ïðåäñòàâëåíèÿ ðåøåíèÿ y(x) â âèäå ðÿäà Ôóðüå (5) ñ r = 1:

y(x) = y(0) +

∞∑
k=1

c1,k(y)ϕ1,k(x), (9)

ãäå y(0) = y0 � íà÷àëüíîå óñëîâèå çàäà÷è Êîøè, à c1,k(y) = (c1,k(y1), . . . , c1,k(ym))

� âåêòîð íåèçâåñòíûõ êîýôôèöèåíòîâ Ôóðüå, êîòîðûå òðåáóåòñÿ íàéòè, Φ1 =

{ϕ1,k(x)} � ñèñòåìà ôóíêöèé, îðòîãîíàëüíûõ îòíîñèòåëüíî ñêàëÿðíîãî ïðîèç-

âåäåíèÿ òèïà Ñîáîëåâà (1). Ñóòü ìåòîäà çàêëþ÷àåòñÿ â ñëåäóþùåì. Ïóñòü s

� íåêîòîðîå íàòóðàëüíîå ÷èñëî. Ïîëàãàÿ x = t/s, îòîáðàçèì ëèíåéíî îòðåçîê
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[0, s] íà [0, 1]. Îòíîñèòåëüíî íîâîé ïåðåìåííîé t ∈ [0, s] çàäà÷à (7) ïðèíèìàåò

ñëåäóþùèé âèä

η′(t) = hf(ht, η(t)), η(0) = y0, 0 6 t 6 s, (10)

ãäå h = 1/s, η(t) = y(ht). Îòìåòèì, ÷òî ïîñêîëüêó ïî ïðåäïîëîæåíèþ ôóíêöèÿ

f(x, y) íåïðåðûâíà â îáëàñòè Ḡ, òî èç (10) ñëåäóåò, ÷òî ôóíêöèÿ η(t) ∈W 1
L2

µ(0,1)
,

ãäå W 1
L2

µ(0,1)
� ýòî ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå èç àáñîëþòíî íåïðåðûâ-

íûõ ôóíêöèé, ïðîèçâîäíàÿ êîòîðûõ ïðèíàäëåæèò L2
µ(0, 1). Äàëåå, ìû ìîæåì

ïðåäñòàâèòü îòðåçîê [0, s] â âèäå îáúåäèíåíèÿ îòðåçêîâ [l, l+1], l = 0, 1, . . . s−1,

è ðåøàòü ïîñòàâëåííóþ çàäà÷ó Êîøè (10) ñíà÷àëà íà [0, 1], à çàòåì, èñïîëüçóÿ

íàéäåííîå çíà÷åíèå η(1) â êà÷åñòâå íà÷àëüíîãî, ðåøàòü å¼ íà [1, 2] è òàê äàëåå.

Íà êàæäîì îòðåçêå [l, l+1] ïðèáëèæåíèå ê ðåøåíèþ ñòðîèòñÿ ñ ïîìîùüþ ñïåöè-

àëüíî ïîñòðîåííîãî îïåðàòîðà A, äåéñòâóþùåãî â ãèëüáåðòîâîì ïðîñòðàíñòâå

lm2 , ñîñòîÿùåì èç ýëåìåíòîâ d = {di, i = 1,m}, ãäå di = {dik} ∈ l2, ñ íîð-

ìîé ‖d‖ =
( m∑
i=1

∑
k

(dik)2
) 1

2

. Îïåðàòîð A ñêîíñòðóèðîâàí òàêèì îáðàçîì, ÷òî åãî

íåïîäâèæíîé òî÷êîé ÿâëÿþòñÿ êîýôôèöèåíòû Ôóðüå c1,∗(y) =
{
{c1,k(yi), k >

1}, i = 1, . . . ,m
}
ðàçëîæåíèÿ (9) ðåøåíèÿ y(x) ïî ñèñòåìå ñîáîëåâñêèõ ôóíê-

öèé Φ1 = {ϕ1,k(x)} íà îòðåçêå [l, l + 1], ò. å. A(c1,∗(y)) = c1,∗(y). Â ñâÿçè ñ

ýòèì âàæíûì ñòàíîâèòñÿ âîïðîñ î íàëè÷èè ó îïåðàòîðà A ñâîéñòâà ñæèìàåìî-

ñòè. Îêàçûâàåòñÿ [8], ÷òî îïåðàòîð A ìîæíî ñäåëàòü ñæèìàþùèì â òîì ñëó÷àå,

êîãäà ôóíêöèè ñèñòåìû Φ1 îáëàäàþò ñëåäóþùèì ñâîéñòâîì:

κ2 = κ2(Φ1) =

∞∑
j=0

b∫
a

(ϕ1,1+j(t))
2µ(t)dt <∞. (11)

Áîëåå òî÷íî, èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

‖Ac1 −Ac2‖l2 6
λκ

s
‖c1 − c2‖l2 ,

ò. å. îïåðàòîð A áóäåò ñæèìàþùèì, åñëè λκ
s < 1, à ýòî âñåãäà ìîæíî ñäå-

ëàòü çà ñ÷¼ò âûáîðà s, åñëè κ <∞. Øàðàïóäèíîâûì È.È. áûëî ïîêàçàíî, ÷òî

ñâîéñòâîì (11) îáëàäàþò ñëåäóþùèå ñèñòåìû: ñèñòåìà ïîëèíîìîâ {T1,k(x)},
ïîðîæä¼ííàÿ ïîëèíîìàìè ×åáûøåâà ïåðâîãî ðîäà, ñèñòåìà ôóíêöèé χ1,k(x),

ïîðîæä¼ííàÿ ôóíêöèÿìè Õààðà [9], ñèñòåìà ôóíêöèé ξ1,k(x), ïîðîæä¼ííàÿ ñè-

ñòåìîé êîñèíóñîâ.

Èäåÿ ïîñòðîåíèÿ îïåðàòîðà A îñíîâàíà íà ñëåäóþùèõ ñîîòíîøåíèÿõ:

η(t) = η(0)+

∞∑
k=0

c1,k+1(η)ϕ1,k+1(t), (12)

η′(t) =

∞∑
k=0

c1,k+1(η)ϕk(t), (13)

q(t) = f(ht, η(t)) =

∞∑
k=0

ck(q)ϕk(t), (14)



56 È. È. ØÀÐÀÏÓÄÈÍÎÂ, Ì. Ã. ÌÀÃÎÌÅÄ-ÊÀÑÓÌÎÂ

ãäå ïåðâîå ñîîòíîøåíèå � ýòî ðàçëîæåíèå ôóíêöèè η(t) ∈W 1
L2

µ
â ðÿä Ôóðüå ïî

ñèñòåìå {ϕ1,k}, à âòîðîå è òðåòüå ïðåäñòàâëÿþò ñîáîé ðÿäû Ôóðüå ïî ñèñòåìå

{ϕk} ôóíêöèé η′(t) ∈ L2
µ è q(t) ∈ L2

µ ñîîòâåòñòâåííî. Îòìåòèì, ÷òî â ñîîòíî-

øåíèè (12) ðÿä Ôóðüå ñõîäèòñÿ ðàâíîìåðíî (ñì., íàïðèìåð, [7; òåîðåìà 2]), à

â (13) è (14) � â ìåòðèêå L2
µ (â ñèëó ïîëíîòû ñèñòåìû ϕk â ïðîñòðàíñòâå L

2
µ).

Èç (10), (13) è (14) ñëåäóåò

c1,k+1(η) = hck(q) = h

∫ b

a

f(ht, η(t))ϕk(t)µ(t)dt,

÷òî ñ ó÷åòîì (12) ïðèâîäèò ê ñîîòíîøåíèþ

c1,k+1(η) = h

∫ b

a

f
(
ht, η(0) +

∞∑
j=0

c1,j+1(η)ϕ1,j+1(t)
)
ϕk(t)µ(t)dt, k > 0. (15)

Âûðàæåíèå â ïðàâîé ÷àñòè ìîæíî ðàññìàòðèâàòü êàê îïåðàòîð A(d̄) = ¯̄d, ñîïî-

ñòàâëÿþùèé òî÷êå d̄ ∈ lm2 òî÷êó ¯̄d ∈ lm2 ïî ñëåäóþùåìó ïðàâèëó

¯̄di =
{
h

∫ b

a

f
(
ht, η(0) +

∞∑
j=0

d̄ijϕ1,j+1(t)
)
ϕk(t)µ(t)dt, k = 0, 1, . . .

}
, i = 1,m.

1. ×èñëåííàÿ ðåàëèçàöèÿ

Â äàííîé ñòàòüå ìû ðàññìîòðèì ÷èñëåííóþ ðåàëèçàöèþ îïèñàííîãî âûøå

èòåðàöèîííîãî ìåòîäà íà îñíîâå ñèñòåìû êîñèíóñîâ (ñì. òàêæå [10])

ξ0(x) = 1, ξk(x) =
√

2 cos(πkx), k > 1, (16)

è ïîðîæä¼ííîé åþ ïî ôîðìóëàì (3) è (4) ñèñòåìû ôóíêöèé

ξ1,0(x) = 1, ξ1,1(x) = x, ξ1,k+1 =

√
2

πk
sin(πkx), k > 1. (17)

ßäðîì ïðîãðàììû ÿâëÿåòñÿ êëàññ AFiniteDimOperator, îòâå÷àþùèé çà âû-

÷èñëåíèå çíà÷åíèé êîíå÷íîìåðíîãî àíàëîãà îïåðàòîðà A, â êîòîðîì âìåñòî áåñ-

êîíå÷íîé ñóììû èñïîëüçóåòñÿ ÷àñòè÷íàÿ ñóììà ïîðÿäêà N :

AN (d̄) =
{
h

∫ b

a

f
(
ht, η(0) +

N∑
j=0

d̄ijϕ1,j+1(t)
)
ϕk(t)dt, k = 0, 1, . . .

}m
i=1

. (18)

Äëÿ ñèñòåìû êîñèíóñîâ âåñ µ(t) = 1, ïîýòîìó â âûøåïðèâåäåííîé ôîðìóëå ìû

åãî îòáðîñèëè. Ñèãíàòóðà êîíñòðóêòîðà êëàññà äàíà â ëèñòèíãå 1.

Ëèñòèíã 1. Êîíñòðóêòîð êëàññà AFiniteDimOperator
public AFiniteDimOperator(double h,

DynFunc <double >[] f,

double [] initialValues ,

double [] nodes ,

Func <double , double >[] phi ,

Func <double , double >[] phiSobolev ,

int partialSumOrder)
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Â ýòîì ëèñòèíãå f � ìàññèâ ïðàâûõ ÷àñòåé, initialValues � íà÷àëüíûå

óñëîâèÿ, nodes � óçëû, phi è phiSobolev � ñèñòåìû ôóíêöèé (16) è (17),

partialSumOrder � ïîðÿäîê ÷àñòè÷íîé ñóììû (ñîîòâåòñòâóåò N â ôîðìóëå

(18)). Ôðàãìåíò êîäà, âûïîëíÿþùåãî îñíîâíûå âû÷èñëåíèÿ, ïðèâåäåí â ëè-

ñòèíãå 2.

Ëèñòèíã 2. Ìåòîäû êëàññà AFiniteDimOperator
public double [][] GetValue(double [][] c)

{

var eta = Range(0, _m)

.Select(k => CalcEta(k, c[k])).ToArray ();

return CalcCoeffs(eta);

}

private double [] CalcEta(int k, double [] c)

{

return _nodes

.Select(t => _initialValues[k] +

_h * c.Zip(_phiSobolev.Skip (1),

(ci , phiiPlus1) => ci * phiiPlus1(t)).Sum()).ToArray ();

}

private double [][] CalcCoeffs(double [][] eta)

{

// fArgs[j][k] = ηk(tj), åñëè k>0, è fArgs[j][k] = htj ,
// åñëè k=0, ò. å. fArgs[j] = (htj , η0(tj), ..., ηm−1(tj))
var fArgs = new double[_nodes.Length ][];

for (int j = 0; j < _nodes.Length; j++)

{

fArgs[j] = new double[_m+1];

fArgs[j][0] = _h * _nodes[j];

for (int k = 1; k < _m + 1; k++)

{

fArgs[j][k] = eta[k-1][j];

}

}

return Range(0,_m)

.Select(i => Range(0, _partialSumOrder)

.Select(k => CalcCoeff(i, k, fArgs))

.ToArray ()).ToArray ();

}

private double CalcCoeff(int i, int k, double [][] fArgs)

{

// qk[j] = fk(htj , η0(tj), ..., ηm−1(tj))ϕk(tj),
// ò. å. qk - ýòî âåêòîð çíà÷åíèé

// ôóíêöèè qk(t) = fk(ht, η0(t), ...)ϕ(t) â óçëàõ _nodes

var qk = _nodes

.Select ((t, j) => _f[i]. Invoke(fArgs[j])*_phi[k](t));

return Integrals.Trapezoid(qk.ToArray (), _nodes);

}
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Èíòåãðàë èç (18) ìû íàõîäèì ñ ïîìîùüþ êâàäðàòóðíîé ôîðìóëû òðàïåöèé

(ñì. ìåòîä CalcCoeff). Äëÿ ïðèìåíåíèÿ êâàäðàòóðíîé ôîðìóëû íàì íóæíî

ïîëó÷èòü çíà÷åíèÿ ïîäûíòåãðàëüíîé ôóíêöèè â óçëàõ íåêîòîðîé ñåòêè (â êà-

÷åñòâå óçëîâ ñåòêè èñïîëüçóþòñÿ çíà÷åíèÿ nodes, ïåðåäàííûå â êîíñòðóêòîð

êëàññà). Äëÿ ýòîãî, â ñâîþ î÷åðåäü, òðåáóåòñÿ âû÷èñëèòü çíà÷åíèÿ ÷àñòè÷íîé

ñóììû (âòîðîé àðãóìåíò ôóíêöèè f â (18)) â óçëàõ ýòîé ñåòêè: ýòè âû÷èñëåíèÿ

ïðîèçâîäÿòñÿ â ìåòîäå CalcEta. Îñíîâíîé ìåòîä êëàññà AFiniteDimOperator

� ýòî GetValue , êîòîðûé ïðèíèìàåò íà âõîä êîýôôèöèåíòû d̄ (â êîäå èñïîëü-

çóåòñÿ îáîçíà÷åíèå c) è âîçâðàùàåò êîýôôèöèåíòû ¯̄d = AN (d̄). Ïîñêîëüêó

îïåðàòîð AN òàê æå, êàê è îïåðàòîð A, ÿâëÿåòñÿ ñæèìàþùèì ïðè îïðåäåëåí-

íîì âûáîðå h [8], òî äëÿ ïðèáëèæåííîãî íàõîæäåíèÿ åãî íåïîäâèæíîé òî÷êè

ìîæíî âîñïîëüçîâàòüñÿ ìåòîäîì ïðîñòûõ èòåðàöèé (ñì. ëèñòèíã 3).

Ëèñòèíã 3. Ìåòîä ïðîñòûõ èòåðàöèé

public static class SimpleIterations

{

public static T FindFixedPoint <T>(Func <T, T> f,

T initialValue ,

int iterCount)

{

var x = initialValue;

for (int i = 0; i < iterCount; i++)

{

x = f(x);

}

return x;

}

}

2. Êîìïüþòåðíûå ýêñïåðèìåíòû

Ðàññìîòðèì ïðèìåíåíèå ïðèâåäåííîé âûøå ïðîãðàììû íà íåñêîëüêèõ ïðè-

ìåðàõ.

Ïðèìåð 1. Ðåøèòü çàäà÷ó Êîøè{
y′1 =

y21
y2−x , y1(0) = 1,

y′2 = y1 + 1, y2(0) = 1, 0 6 x 6 1.

Òî÷íîå ðåøåíèå ýòîé çàäà÷è èìååò âèä: y1(x) = ex, y2(x) = x+ ex. Ïðè N = 4

ðåçóëüòàò âûïîëíåíèÿ ïðîãðàììû äëÿ ïåðâûõ 6 èòåðàöèé ïðèâåäåí íà ðèñ. 1

è â òàáëèöå 1.

Ïðèìåð 2. Ðåøèòü çàäà÷ó Êîøè{
y′1 = y1− y2 + 2 sinx, y1(0) = 1,

y′2 = 2y1 − y2, y2(0) = 2, 0 6 x 6 1.
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Òî÷íûì ðåøåíèåì ÿâëÿþòñÿ ôóíêöèè y1(x) = cosx + x sinx − x cosx, y2(x) =

2(sinx + cosx) − 2x cosx. Ïîãðåøíîñòè ïðèáëèæåííîãî ðåøåíèÿ, âûäàâàåìûõ

ïðîãðàììîé, ïðèâåäåíû â òàáëèöå 2.

� èòåðàöèè N |y1(1)− ỹ1(1)| |y2(1)− ỹ2(1)|
1 4 0,731057768143951 0,0693027659320773

2 4 0,557248480165658 0,270687234900062

3 4 0,203364482810393 0,135062598082317

4 4 0,0495637600953178 0,0363226024346348

5 4 0,00743576877239116 0,00464432119513214

6 4 0,00106870386773261 0,00226872084398666

Òàáëèöà 1. Ðåçóëüòàò ïðèìåíåíèÿ ïðîãðàììû ê ïðèìåðó 1 (ỹ � ïðè-

áëèæåííîå ðåøåíèå)

Ðèñ. 1. Ïåðâûå 6 èòåðàöèé ïðèìåíåíèÿ ïðîãðàììû ê çàäà÷å 1 (â ïåð-

âîé ñòðîêå èòåðàöèè 1�3). Ñèíèì öâåòîì îáîçíà÷åíî òî÷íîå ðåøåíèå,

îðàíæåâûì � åãî ïðèáëèæåíèå, ïîëó÷åííîå ñ ïîìîùüþ ïðîãðàììû

� èòåðàöèè N |y1(1)− ỹ1(1)| |y2(1)− ỹ2(1)|
1 10 0,0774332674724204 0,96932484147269

2 10 0,362402332696286 0,305536909577516

3 10 0,0196382309942635 0,120878014408579

4 10 0,021450636889026 0,0178523715499934

5 10 2,7299371482381E-05 0,00483053714313075

6 10 0,00139159070278361 0,000419902640661052

7 10 0,000812852832234978 4,53268437208276E-05

Òàáëèöà 2. Ðåçóëüòàò ïðèìåíåíèÿ ïðîãðàììû ê ïðèìåðó 2 (ỹ � ïðè-

áëèæåííîå ðåøåíèå)
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