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Ïðèáëèæåíèå êóñî÷íî-ëèíåéíûõ

ôóíêöèé äèñêðåòíûìè ñóììàìè Ôóðüå

Ïóñòü N > 1 � íåêîòîðîå íàòóðàëüíîå ÷èñëî. Âûáåðåì N ðàâíî-
ìåðíî ðàñïîëîæåííûõ òî÷åê tk = 2πk/N (0 6 k 6 N − 1) íà [0, 2π].
Îáîçíà÷èì ÷åðåç Ln,N (f) = Ln,N (f, x) (1 6 n 6 N/2) òðèãîíîìåòðè÷å-
ñêèé ïîëèíîì ïîðÿäêà n, îáëàäàþùèé íàèìåíüøèì êâàäðàòè÷åñêèì îò-
êëîíåíèåì îò f îòíîñèòåëüíî ñèñòåìû {tk}N−1

k=0 . Â äàííîé ñòàòüå ðàñ-
ñìîòðåíà ïðîáëåìà ïðèáëèæåíèÿ ôóíêöèé ïîëèíîìàìè Ln,N (f, x). Îñîáîå
âíèìàíèå óäåëåíî ïðèáëèæåíèþ 2π-ïåðèîäè÷åñêèõ ôóíêöèé f1 è f2, ãäå
f1(x) = |x| è f2(x) = signx äëÿ x ∈ [−π, π]. Äëÿ ôóíêöèè f1 âìåñòî îöåí-
êè |f1(x)− Ln,N (f1, x)| 6 c lnn/n, êîòîðàÿ ñëåäóåò èç èçâåñòíîãî íåðàâåí-
ñòâà Ëåáåãà äëÿ ïîëèíîìîâ Ln,N (f, x), íàéäåíà òî÷íàÿ ïî ïîðÿäêó îöåí-
êà |f1(x)− Ln,N (f1, x)| 6 c/n (x ∈ R) ðàâíîìåðíàÿ îòíîñèòåëüíî 1 6 n 6
N/2. Òàêæå áûëà íàéäåíà ëîêàëüíàÿ îöåíêà |f1(x)− Ln,N (f1, x)| 6 c(ε)/n2

(|x− πk| > ε), êîòîðàÿ òàêæå ðàâíîìåðíà îòíîñèòåëüíî 1 6 n 6 N/2. Äëÿ
âòîðîé ôóíêöèè f2 íàéäåíà òîëüêî ëîêàëüíàÿ îöåíêà
|f2(x)− Ln,N (f2, x)| 6 c(ε)/n (|x− πk| > ε), ðàâíîìåðíàÿ îòíîñèòåëüíî
1 6 n 6 N/2. Äîêàçàòåëüñòâà ýòèõ îöåíîê îñíîâàíû íà ñðàâíåíèè àïïðîê-
ñèìàòèâíûõ ñâîéñòâ äèñêðåòíûõ è íåïðåðûâíûõ ñóìì Ôóðüå.

Áèáëèîãðàôèÿ: 14 íàçâàíèé.

Let N be a natural number greater than 1. We select N uniformly distribu-
ted points tk = 2πk/N (0 6 k 6 N − 1) on [0, 2π]. Denote by Ln,N (f) =
Ln,N (f, x) (1 6 n 6 N/2) the trigonometric polynomial of order n possessing
the least quadratic deviation from f with respect to the system {tk}N−1

k=0 . In
the present article the problem of function approximation by the polynomials
Ln,N (f, x) is considered. Special attention is paid to approximation of 2π-
periodic functions f1 and f2 by the polynomials Ln,N (f, x), where f1(x) = |x|
and f2(x) = signx for x ∈ [−π, π]. For the �rst function f1 we show that
instead of the estimate |f1(x)− Ln,N (f1, x)| 6 c lnn/n which follows from
well-known Lebesgue inequality for the polynomials Ln,N (f, x) we found an
exact order estimate |f1(x)− Ln,N (f1, x)| 6 c/n (x ∈ R) which is uniform with
respect to 1 6 n 6 N/2. Moreover, we found a local estimate
|f1(x)− Ln,N (f1, x)| 6 c(ε)/n2 (|x− πk| > ε) which is also uniform with
respect to 1 6 n 6 N/2. For the second function f2 we found only a local
estimate |f2(x)− Ln,N (f2, x)| 6 c(ε)/n (|x− πk| > ε) which is uniform with
respect to 1 6 n 6 N/2. The proofs of these estimations based on comparing
of approximating properties of discrete and continuous �nite Fourier series.
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1. Ðåçóëüòàòû

Ïóñòü N > 1 � íåêîòîðîå íàòóðàëüíîå ÷èñëî. Âûáåðåì òî÷êè {tk}N−1k=0 íà

[0, 2π], ãäå tk = 2πk/N , è îáîçíà÷èì ÷åðåç Ln,N (f) = Ln,N (f, x) (1 6 n 6 bN/2c)
òðèãîíîìåòðè÷åñêèé ïîëèíîì ïîðÿäêà n îáëàäàþùèé íàèìåíüøèì êâàäðàòè-

÷åñêèì îòêëîíåíèåì îò f îòíîñèòåëüíî ñèñòåìû {tk}N−1k=0 . Äðóãèìè ñëîâà-

ìè, ìèíèìóì ñóìì
∑N−1
k=0 |f(tk)− Tn(tk)|2 íà ìíîæåñòâå âñåõ òðèãîíîìåòðè-

÷åñêèõ ïîëèíîìîâ Tn ïîðÿäêà n äîñòèãàåòñÿ, êîãäà Tn = Ln,N (f). Â ÷àñòíîñòè,

LbN/2c,N (f, tk) = f(tk). Ëåãêî ïîêàçàòü (ñìîòðè [12]), ÷òî äëÿ n < N/2 ïîëèíîì

Ln,N (f, x) ìîæåò áûòü ïðåäñòàâëåí â ñëåäóþùåì âèäå:

Ln,N (f, x) =
∑n

ν=−n
c(N)
ν (f)eiνx, c(N)

ν (f) =
1

N

∑N−1

k=0
f(tk)e−iνtk ,

à äëÿ n = N/2 (êîãäà N � ÷åòíîå)

LN/2,N (f, x) = LN/2−1,N (f, x) + a
(N)
N/2(f) cosN/2(x− u), (1)

ãäå

a(2n)n (f) = a
(N)
N/2(f) =

1

N

∑N−1

k=0
f(tk) cosN/2(tk − u). (2)

Ïðî÷èòàòü ïîäðîáíåå ïðî ïðèáëèæåíèå ôóíêöèé òðèãîíîìåòðè÷åñêèìè ïîëè-

íîìàìè ìîæíî â ðàáîòàõ [1, 3, 5, 6, 8, 9, 10, 11, 14]. Â äàííîé ðàáîòå áûëè

ïîëó÷åíû îöåíêè äëÿ |Ln,N (f1, x)− f1(x)| è |Ln,N (f2, x)− f2(x)| äëÿ n,N →∞,

ãäå f1(x) = |x|, f2(x) = signx, x ∈ [−π, π]. Äîêàçàíû ñëåäóþùèå òåîðåìû:

Òåîðåìà 1.1. Ïóñòü f1(x) = |x|, x ∈ [−π, π] è n 6 bN/2c. Ñïðàâåäëèâû

ñëåäóþùèå îöåíêè:

|Ln,N (f1, x)− f1(x)| 6 c/n, x ∈ [−π, π],

|Ln,N (f1, x)− f1(x)| 6 c(ε)/n2, x ∈ ∆I(ε).

Òåîðåìà 1.2. Ïóñòü f2(x) = signx, x ∈ [−π, π] è n 6 bN/2c. Ñïðàâåäëèâà

ñëåäóþùàÿ îöåíêà:

|Ln,N (f2, x)− f2(x)| 6 c(ε)/n, x ∈ ∆I(ε).

Íà÷íåì ñ íåêîòîðûõ îáîçíà÷åíèé. Îáîçíà÷èì ÷åðåç

ck(f) =
1

2π

∫ π

−π
f(t)e−iνtdt, k ∈ Z

êîýôôèöèåíòû Ôóðüå äëÿ ôóíêöèè f , è îáîçíà÷èì ÷åðåç

f(x) =
∑

k∈Z
ck(f)eikx, Sn(f, x) =

∑n

k=−n
ck(f)eikx

ðÿä Ôóðüå ôóíêöèè f è åãî ÷àñòè÷íóþ ñóììó ïîðÿäêà n ñîîòâåòñòâåííî. ×åðåç

∆I(ε) îáîçíà÷èì ìíîæåñòâî [−π+ε,−ε]∪[ε, π−ε], ãäå 0 < ε < π/2. Òàêæå ÷åðåç c

è c(ε) áóäåì îáîçíà÷àòü íåêîòîðûå êîíñòàíòû, çàâèñÿùèå òîëüêî îò óêàçàííûõ

ïàðàìåòðîâ è, âîîáùå ãîâîðÿ, ðàçíûå â ðàçíûõ ìåñòàõ.
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Ëåììà 1.1 [12]. Åñëè ðÿä Ôóðüå ôóíêöèè f ñõîäèòñÿ â òî÷êàõ tk = u +

2kπ/N , òîãäà èìååò ìåñòî ïðåäñòàâëåíèå

Ln,N (f, x) = Sn(f, x) +Rn,N (f, x),

ãäå

Rn,N (f, x) =
2

π

∑∞

µ=1

∫ π

−π
Dn(x− t) cosµN(u− t)f(t)dt, (3)

êîãäà 2n < N .

Èç ýòîé ëåììû ìîæíî ïîëó÷èòü ñëåäóþùóþ îöåíêó:

|Ln,N (f, x)− f(x)| 6 |Sn(f, x)− f(x)|+ |Rn,N (f, x)|, n < N/2. (4)

Äëÿ ñëó÷àÿ 2n = N èç (1) è (4) èìååì

|Ln,2n(f, x)− f(x)| 6

|Sn−1(f, x)− f(x)|+ |Rn−1,2n(f, x)|+ |a(2n)n (f)|, n = N/2. (5)

Èç (4) è (5) âèäíî, ÷òî îöåíèâ |Sn(f1, x) − f1(x)|, |Sn(f2, x) − f2(x)|,
|Rn,N (f1, x)|, |Rn,N (f2, x)|, |a(2n)n (f1)|, è |a(2n)n (f2)| ìû ïîëó÷èì îöåíêó

|Ln,N (f, x)− f(x)| äëÿ ôóíêöèé f1 è f2.

2. ×èñëåííûå ýêñïåðèìåíòû

Íàìè áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, êîòîðûå ïîäòâåðäèëè ïî-

ëó÷åííûå â ñòàòüå òåîðåòè÷åñêèå ðåçóëüòàòû. Íèæå ïðèâåäåíû ãðàôèêè, ïîëó-

÷åííûå äëÿ ôóíêöèé f1(x) = |x| è f2(x) = sign x (÷åðíûé ãðàôèê � èñõîäíàÿ

ôóíêöèÿ, êðàñíûé ãðàôèê � ýòî ñóììû Ln,N (f, x)):

Ðèñ. 1. Ln,N (f1, x), N = 8, n = 4

Ðèñ. 2. Ln,N (f1, x), N = 32, n = 16
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Ðèñ. 3. Ln,N (f1, x), N = 128, n = 6

Ðèñ. 4. Ln,N (f1, x), N = 32, n = 16

Ðèñ. 5. Ln,N (f2, x), N = 8, n = 4

Ðèñ. 6. Ln,N (f2, x), N = 32, n = 16

Ðèñ. 7. Ln,N (f2, x), N = 32, n = 8
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Ðèñ. 8. Ln,N (f2, x), N = 256, n = 16

Ðèñ. 9. Ln,N (f2, x), N = 256, n = 64

Ðèñ. 10. Ln,N (f2, x), N = 256, n = 128

Ðèñ. 11. Ln,N (f2, x), N = 512, n = 128

Ðèñ. 12. Ln,N (f2, x), N = 512, n = 256
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