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ïðèáëèæåíèÿ íåïðåðûâíûõ ôóíêöèé

ïîñðåäñòâîì ïîâòîðíûõ ñðåäíèõ Âàëëå Ïóññåíà

Íà îñíîâå òðèãîíîìåòðè÷åñêèõ ñóìì Ôóðüå Sn(f, x) è êëàññè÷åñêèõ
ñðåäíèõ Âàëëå Ïóññåíà

1Vn,m(f, x) =
1

n

m+n−1∑
l=m

Sl(f, x)

â íàñòîÿùåé ñòàòüå ââîäÿòñÿ ïîâòîðíûå ñðåäíèå Âàëëå Ïóññåíà ñëåäóþ-
ùèì îáðàçîì

2Vn,m(f, x) =
1

n

m+n−1∑
k=m

1Vn,k(f, x),

l+1Vn,m(f, x) =
1

n

m+n−1∑
k=m

lVn,k(f, x) (l > 1).

Íà îñíîâå ñðåäíèõ 2Vn,m(f, x) è ïåðåêðûâàþùèõ ïðåîáðàçîâàíèé ñêîí-
ñòðóèðîâàíû îïåðàòîðû, îñóùåñòâëÿþùèå ïðèáëèæåíèÿ íåïðåðûâíûõ
(âîîáùå ãîâîðÿ, íåïåðèîäè÷åñêèõ) ôóíêöèé è èññëåäîâàíû èõ àïïðîêñè-
ìàòèâíûå ñâîéñòâà.

Áèáëèîãðàôèÿ: 10 íàçâàíèé.

On the basis of trigonometric sums of Fourier Sn(f, x) and classical means
of Valle Poussin

1Vn,m(f, x) =
1

n

m+n−1∑
l=m

Sl(f, x)

in this paper, repeated mean Valle Poussin is introduced as follows

2Vn,m(f, x) =
1

n

m+n−1∑
k=m

1Vn,k(f, x),

l+1Vn,m(f, x) =
1

n

m+n−1∑
k=m

lVn,k(f, x) (l > 1).

On the basis of the mean 2Vn,m(f, x) and overlapping transforms, operators
that approximate continuous (in general, nonperiodic) functions are construc-
ted and their approximative properties are investigated.

Bibliography: 10 items.

Êëþ÷åâûå ñëîâà: ïîâòîðíûå ñðåäíèå Âàëëå Ïóññåíà, ïåðåêðûâàþ-
ùèå ïðåîáðàçîâàíèÿ, ëîêàëüíûå àïïðîêñèìàòèâíûå ñâîéñòâà.

Keywords: the repeated mean Valle Poussin, overlapping transforms, local
approximative properties.

c© È.È. Øàðàïóäèíîâ, 2017



ÏÐÈÁËÈÆÅÍÈÅ ÔÓÍÊÖÈÉ ÏÎÂÒÎÐÍÛÌÈ ÑÐÅÄÍÈÌÈ ÂÀËËÅ ÏÓÑÑÅÍÀ 71

Ââåäåíèå

Ïóñòü f � 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ, èíòåãðèðóåìàÿ íà ïåðèîäå,

ak = ak(f) =
1

π

∫ π

−π
f(t) cos ktdt, bk = bk(f) =

1

π

∫ π

−π
f(t) sin ktdt

� êîýôôèöèåíòû Ôóðüå,

f(x) ∼ a0

2
+

∞∑
k=1

ak cos kx+ bk sin kx (1)

� ðÿä Ôóðüå ôóíêöèè f . Äàëåå, ïóñòü Ak(f) = Ak(f, x) = ak cos kx+ bk sin kx,

Sn(f) = Sn(f, x) =
a0

2
+

n∑
k=1

Ak(f, x) (2)

� ñóììà Ôóðüå,

1Vn,m(f) =1 Vn,m(f, x) =
1

n
[Sm(f, x) + · · ·+ Sm+n−1(f, x)] (3)

� ñðåäíèå Âàëëå Ïóññåíà. Ïîâòîðíûå ñðåäíèå Âàëëå Ïóññåíà (ñðåäíèå Âàëëå

Ïóññåíà âòîðîãî ïîðÿäêà) îïðåäåëèì ñ ïîìîùüþ ðàâåíñòâà

2Vn,m(f) =2 Vn,m(f, x) =
1

n
[1Vn,m(f, x) + · · ·+1 Vn,m+n−1(f, x)]. (4)

Íåïîñðåäñòâåííî èç ðàâåíñòâ (3) è (4) ñëåäóåò, ÷òî åñëè Tm = Tm(x) � ïðîèç-

âîëüíûé òðèãîíîìåòðè÷åñêèé ïîëèíîì ïîðÿäêà m, òî

1Vn,m(Tm) = Tm, 2Vn,m(Tm) = Tm. (5)

Äðóãèìè ñëîâàìè, îïåðàòîð 2Vn,m =2Vn,m(f) òàêæå, êàê è îïåðàòîð 1Vn,m =

1Vn,m(f), ÿâëÿåòñÿ ïðîåêòîðîì íà ïðîñòðàíñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíî-

ìîâ Tm ïîðÿäêà m. Îòìåòèì òàêæå, ÷òî â ñèëó (2) � (4) 2Vn,m(f) äîïóñêàåò

ñëåäóþùåå ïðåäñòàâëåíèå

2Vn,m(f, x) =
a0

2
+

m∑
k=1

Ak(f, x)+

n−1∑
k=1

2n2 − k(k + 1)

2n2
Am+k(f, x)+

n−2∑
j=0

(n− j)(n− j − 1)

2n2
Am+n+j(f, x)

èëè, ÷òî òî æå,

2Vn,m(f, x) =
a0

2
+

m∑
k=1

Ak(f, x)+
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m+n−1∑
k=m+1

2n2 − (k −m)(k −m+ 1)

2n2
Ak(f, x)+

m+2n−2∑
k=m+n

(m+ 2n− k)(m+ 2n− k − 1)

2n2
Ak(f, x). (6)

Èç (3) è (4) âûòåêàþò ñëåäóþùèå èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ îïåðàòîðîâ

1Vn,m(f) è 2Vn,m(f):

1Vn,m(f, x) =
1

π

∫ π

−π
f(x− t)1vn,m(t)dt, (7)

2Vn,m(f, x) =
1

π

∫ π

−π
f(x− t)2vn,m(t)dt, (8)

ãäå

1vn,m(u) =
1

n
[Dm(u) + . . .+Dm+n−1(u)], (9)

2vn,m(u) =
1

n
[1vn,m(u) + . . .+1 vn,m+n−1(u)], (10)

à

Dk(u) =
1

2
+ cosu+ . . .+ cos ku =

sin(k + 1
2 )u

2 sin u
2

(11)

� ÿäðî Äèðèõëå. Èç (9) è (11) ëåãêî âûâîäèòñÿ ñëåäóþùèå õîðîøî èçâåñòíûå

(ñì., íàïðèìåð, [2]) ðàâåíñòâà

1vn,m(u) =
cosmu− cos(m+ n)u

4n sin2 u
2

=
sin nu

2 sin(2m+ n)u2
2n sin2 u

2

. (12)

Èç (10) è (12) èìååì

2vn,m(u) =
1

4n2 sin2 u
2

(
m+n−1∑
k=m

cos ku−
m+n−1∑
k=m

cos(k + n)u

)
=

1

8n2 sin3 u
2

×

(
sin(m+ n− 1

2
)u− sin(m− 1

2
)u− sin(m+ 2n− 1

2
)u+ sin(m+ n− 1

2
)u

)
=

sin nu
2

4n sin3 u
2

(
cos(2m+ n− 1)

u

2
− cos(2m+ 3n− 1)

u

2

)
,

ïîýòîìó

2vn,m(u) =
sin2 nu

2 sin(m+ n− 1
2 )u

2n2 sin3 u
2

. (13)

Èíòåãðàëüíûå ïðåäñòàâëåíèÿ (7) è (8) ñ ó÷¼òîì (12) è (13) ïðèíèìàþò ñëåäó-

þùèé âèä

1Vn,m(f, x) =
1

2πn

∫ π

−π
f(x− t)

sin nt
2 sin(2m+ n) t2

sin2 t
2

dt, (14)
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2Vn,m(f, x) =
1

2πn2

∫ π

−π
f(x− t)

sin2 nt
2 sin(2m+ 2n− 1) t2

sin3 t
2

dt. (15)

Ðàâåíñòâî (14) õîðîøî èçâåñòíî è øèðîêî èñïîëüçîâàëîñü â [2] ïðè èññëåäî-

âàíèè àïïðîêñèìàòèâíûõ ñâîéñòâ îïåðàòîðîâ 1Vn,m(f) â ðàçëè÷íûõ ôóíêöèî-

íàëüíûõ ïðîñòðàíñòâàõ. ×òî æå êàñàåòñÿ ïðåäñòàâëåíèÿ (15), òî îíî, êàê è

ñàìè îïåðàòîðû 2Vn,m(f), íàñêîëüêî èçâåñòíî àâòîðó, ÿâëÿåòñÿ íîâûì.

Îòìåòèì, ÷òî ïîâòîðíûå ñðåäíèå Âàëëå Ïóññåíà kVn,m(f, x), ââåäåííûå âû-

øå äëÿ k = 2, äîïóñêàþò äàëüíåéøåå îáîáùåíèå íà k > 2 ìåòîäîì èíäóêöèè

ñëåäóþùèì îáðàçîì

kVn,m(f, x) =
1

n
[k−1Vn,m(f, x) + · · ·+k−1 Vn,m+n−1(f, x)], (16)

íàïðèìåð, ïðè k = 3 ìû ìîæåì çàïèñàòü

3Vn,m(f, x) =
1

n
[2Vn,m(f, x) + · · ·+2 Vn,m+n−1(f, x)]. (17)

Íåòðóäíî òàêæå ïîëó÷èòü äëÿ kVn,m(f, x) èíòåãðàëüíîå ïðåäñòàâëåíèå, àíàëî-

ãè÷íîå (8) èëè (15). Ê ïðèìåðó, äëÿ k = 3 èç (15) è (17) èìååì

3Vn,m(f, x) =
1

2πn3

∫ π

−π
f(x− t)

sin2 nt
2

sin3 t
2

m+n−1∑
l=m

sin(l + n− 1

2
)tdt

=
1

2πn3

∫ π

−π
f(x− t)

sin3 nt
2 sin(2m+ 3n− 2) t2

sin4 t
2

dt, (18)

è, âîîáùå, åñëè k > 2, òî

kVn,m(f, x) =
1

2πnk

π∫
−π

f(x− t)
sink nt2 sin(2m+ k(n− 1) + 1) t2

sink+1 t
2

dt. (19)

Îáîçíà÷èì ÷åðåç C2π ïðîñòðàíñòâî íåïðåðûâíûõ 2π-ïåðèîäè÷åñêèõ ôóíê-

öèé f ñ íîðìîé f = maxx |f(x)| è ðàññìîòðèì 1Vn,m =1 Vn,m(f) è 2Vn,m =

2Vn,m(f) êàê îïåðàòîðû, äåéñòâóþùèå â íîðìèðîâàííîì ïðîñòðàíñòâå C2π. Èç

èíòåãðàëüíûõ ïðåäñòàâëåíèé (14) è (15) íåïîñðåäñòâåííî ñëåäóåò, ÷òî íîðìû

ýòèõ îïåðàòîðîâ ðàâíû:

‖1Vn,m‖ =
1

2πn

∫ π

−π

| sin nt
2 sin(2m+ n) t2 |

sin2 t
2

dt, (20)

‖2Vn,m‖ =
1

2πn2

∫ π

−π

sin2 nt
2 | sin(m+ n− 1

2 )t|
| sin3 t

2 |
dt. (21)

Èç (5), (14) è (15) íåïîñðåäñòâåííî âûòåêàþò ñëåäóþùèå íåðàâåíñòâà

‖f −1 Vn,m(f)‖ 6 Em(f)(1 + ‖1Vn,m‖), (22)

‖f −2 Vn,m(f)‖ 6 Em(f)(1 + ‖2Vn,m‖), (23)
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ãäå Em(f) � íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ C2π òðèãîíîìåòðè÷åñêèìè

ïîëèíîìàìè Tm ïîðÿäêà m. Âåëè÷èíà ‖1Vn,m‖ äîñòàòî÷íî õîðîøî èçó÷åíà â

[2]�[3]. Íàïðèìåð, â [2] óñòàíîâëåíà ñëåäóþùàÿ îöåíêà

‖1Vn,m‖ 6
4

π2
ln

(
1 +

m+ n

n

)
+ 1, 7. (24)

Ñ äðóãîé ñòîðîíû, èç (8) è (10) ñëåäóåò, ÷òî

‖2Vn,m‖ 6
1

n

m+n−1∑
k=m

‖1Vn,k‖. (25)

Èç (24) è (25) âûâîäèì

‖2Vn,m‖ 6
4

π2
ln

(
3 +

m− 1

n

)
+ 1, 7. (26)

Îöåíêà (26), ñêîðåå âñåãî, íå ÿâëÿåòñÿ îêîí÷àòåëüíîé, íî ýòîò âîïðîñ â íà-

ñòîÿùåé ñòàòüå ðàññìàòðèâàòüñÿ íå áóäåò. Ìû ñîñðåäîòî÷èì âíèìàíèå íà èñ-

ñëåäîâàíèè ëîêàëüíûõ àïïðîêñèìàòèâíûõ ñâîéñòâ ïîâòîðíûõ ñðåäíèõ Âàëëå

Ïóññåíà 2Vn,m(f, x) äëÿ êóñî÷íî-ãëàäêèõ ôóíêöèé, êîòîðûå, êàê ïîêàçàíî â

ï.2 íàñòîÿùåé ðàáîòû, ñóùåñòâåííî îòëè÷àþòñÿ îò ñîîòâåòñòâóþùèõ ñâîéñòâ

ñóìì Ôóðüå Sk(f, x) è êëàññè÷åñêèõ ñðåäíèõ Âàëëå Ïóññåíà 1Vn,m(f, x). Ýòî

ñâîéñòâî äåëàåò 2Vn,n(f, x) âåñüìà ïðèâëåêàòåëüíûì èíñòðóìåíòîì ðåøåíèÿ

âàæíûõ ïðèêëàäíûõ çàäà÷ òàêèõ, íàïðèìåð, êàê êîíñòðóèðîâàíèå öèôðîâûõ

ôèëüòðîâ, îáðàáîòêà è ñæàòèå ðå÷è è ò.ä.

1. Íåêîòîðûå âñïîìîãàòåëüíûå ðåçóëüòàòû

×åðåç W r
1 (a, b) îáîçíà÷èì ïðîñòðàíñòâî Ñîáîëåâà, ñîñòîÿùåå èç ôóíêöèé f ,

r−1-ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ íà [a, b], äëÿ êîòîðûõ f (r−1) àáñîëþò-

íî íåïðåðûâíà, à f (r) èíòåãðèðóåìà íà [a, b]. Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ

íåêîòîðûå êëàññû êóñî÷íî-ãëàäêèõ 2π - ïåðèîäè÷åñêèõ ôóíêöèé, êîòîðûõ ìû

îïðåäåëèì â íàñòîÿùåì ðàçäåëå. Ïóñòü 0 6 r � öåëîå, −π = x0 < x1 < · · · <
xs < xs+1 = π, f(x) � íåïðåðûâíàÿ 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ òàêàÿ, ÷òî

f ∈ W r+1
1 (xj , xj+1) äëÿ êàæäîãî j = 0, . . . , s. Ìíîæåñòâî âñåõ òàêèõ ôóíêöèé

ìû îáîçíà÷èì ÷åðåç IrΩ, ãäå Ω = {x0, x1, . . . xs, xs+1}. Õàðàêòåðíûì ýëåìåíòîì

ïðîñòðàíñòâà IrΩ ñ Ω = {−π, 0, π} ÿâëÿåòñÿ ôóíêöèÿ f(x), ðàâíàÿ |x|ïðè |x| 6 1

è ïðîäîëæåííàÿ 2π-ïåðèîäè÷åñêè. Íåòðóäíî óâèäåòü, ÷òî åñëè f ∈ IrΩ, òî îíà
àáñîëþòíî íåïðåðûâíà íà [−π, π], íî ïðè ýòîì âïîëíå ìîæåò áûòü òàê, ÷òî

äëÿ x ∈ Ω ïðîèçâîäíàÿ f ′(x) íå ñóùåñòâîâóåò. Åñëè ôóíêöèÿ f ∈ IrΩ, òî áó-

äåì íàçûâàòü å¼ êóñî÷íî-ãëàäêîé (ïîðÿäêà r + 1). Èññëåäîâàíèå ëîêàëüíûõ

àïïðîêñèìàòèâíûõ ñâîéñòâ ïîâòîðíûõ ñðåäíèõ Âàëëå Ïóññåíà 2Vn,n(f, x) äëÿ

ôóíêöèé f ∈ IrΩ ÿâëÿåòñÿ îñíîâíîé çàäà÷åé íàñòîÿùåé ðàáîòû. Äëÿ ýòîãî íàì

ïîòðåáóåòñÿ ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.

Åñëè f ∈ IrΩ, òî åå ðÿä Ôóðüå ñõîäèòñÿ ê íåé ðàâíîìåðíî ïî x ∈ R è äîïóñêàåò

ïðåäñòàâëåíèå

f(x) =
a0

2
+

∞∑
k=1

ak cos kx+ bk sin kx. (27)
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Ïîëîæèì

Rm(f, x) = f(x)− Sm(f, x) =

∞∑
k=m+1

ak cos kx+ bk sin kx, (28)

è çàìåòèì, ÷òî äëÿ êîýôôèöèåíòîâ Ôóðüå ïðè k > 0 ìîæíî çàïèñàòü ñëåäóþ-

ùèå ðàâåíñòâà

ak(f) = − 1

kπ

∫ π

−π
f ′(t) sin kt = −1

k
bk(f ′), (29)

bk(f) =
1

kπ

∫ π

−π
f ′(t) cos kt =

1

k
ak(f ′), (30)

Èç (28) � (30) èìååì

Rm(f, x) = f(x)− Sm(f, x) =

∞∑
k=m+1

1

k
(ak(f ′) sin kx− bk(f ′) cos kx). (31)

Äàëåå çàïèøåì

bk(f ′) =
1

π

∫ π

−π
f ′(t) sin kt =

s∑
j=0

bjk(f ′), (32)

ak(f ′) =
1

π

∫ π

−π
f ′(t) cos kt =

s∑
j=0

ajk(f ′), (33)

ãäå

ajk(f ′) =
1

π

∫ xj+1

xj

f ′(t) cos kt, (34)

bjk(f) =
1

π

∫ xj+1

xj

f ′(t) sin kt, (35)

òîãäà èç (31) � (35) èìååì

Rm(f, x) =

s∑
j=0

∞∑
k=m+1

1

k
(ajk(f ′) sin kx− bjk(f ′) cos kx). (36)

Åñëè f ∈ IrΩ, òî, r-êðàòíî ïðèìåíÿÿ ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì, èìååì

ajk(f ′) sin kx− bjk(f ′) cos kx = − 1

π

∫ xj+1

xj

f ′(t) sin k(t− x)dt =

1

π

∫ xj+1

xj

f ′(t) cos[k(t− x) +
π

2
]dt =

1

πk
(f ′(xj+1 − 0) sin[k(x− xj+1) +

π

2
]− f ′(xj + 0) sin[k(x− xj) +

π

2
])

− 1

πk

xj+1∫
xj

f ′′(t) sin[k(t− x) +
π

2
]dt =
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1

πk
(f ′(xj + 0) cos[k(x− xj) +

2π

2
]− f ′(xj+1 − 0) cos[k(x− xj+1) +

2π

2
])

+
1

πk

xj+1∫
xj

f ′′(t) cos[k(t− x) +
2π

2
]dt =

. . .

=
1

π

r∑
ν=1

1

kν
f (ν)(xj + 0) cos

(
k(x− xj) +

(ν + 1)π

2

)

− 1

π

r∑
ν=1

1

kν
f (ν)(xj+1 − 0) cos

(
k(x− xj+1) +

(ν + 1)π

2

)

+
1

πkr

xj+1∫
xj

f (r+1)(t) cos

(
k(t− x) +

π(r + 1)

2

)
dt. (37)

Èç (36) è (37) ìû çàêëþ÷àåì, ÷òî ñïðàâåäëèâà

Ëåììà 1.1. Åñëè f ∈ IrΩ, òî èìååò ìåñòî ðàâåíñòâî

Rl(f, x) = R̂l(f, x) + R̃l(f, x), (38)

â êîòîðîì

R̂l(f, x) =
1

π

s∑
j=0

r∑
ν=1

f (ν)(xj + 0)

∞∑
k=l+1

cos
(
k(x− xj)− (ν+1)π

2

)
kν+1

− 1

π

s∑
j=0

r∑
ν=1

f (ν)(xj+1 − 0)

∞∑
k=l+1

cos
(
k(x− xj+1)− (ν+1)π

2

)
kν+1

, (39)

R̃l(f, x) =
1

π

∫ π

−π
f (r+1)(t)

∞∑
k=l+1

cos
(
k(t− x) + π(r+1)

2

)
kr+1

dt. (40)

Ïîëîæèì

1Rn,m(f, x) = f(x)−1 Vn,m(f, x), (41)

2Rn,m(f, x) = f(x)−2 Vn,m(f, x) (42)

è çàìåòèì, ÷òî èç (1) � (4) è (28), (13) è (42) âûòåêàþò ñëåäóþùèå ðàâåíñòâà

1Rn,m(f, x) =
1

n

m+n−1∑
k=m

Rk(f, x),

2Rn,m(f, x) =
1

n

m+n−1∑
k=m

1Rn,k(f, x) =
1

n2

m+n−1∑
k=m

k+n−1∑
l=k

Rl(f, x).

Åñëè òåïåðü îáðàòèìñÿ ê ëåììå 1.1, òî ýòè ðàâåíñòâà ìîæíî ïåðåïèñàòü òàê

1Rn,m(f, x) =1 R̂n,m(f, x) +1 R̃n,m(f, x), (43)
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2Rn,m(f, x) =2 R̂n,m(f, x) +2 R̃n,m(f, x), (44)

ãäå

1R̂n,m(f, x) =
1

n

m+n−1∑
l=m

R̂l(f, x), 1R̃n,m(f, x) =
1

n

m+n−1∑
l=m

R̃l(f, x), (45)

2R̂n,m(f, x) =
1

n2

m+n−1∑
k=m

k+n−1∑
l=k

R̂l(f, x), (46)

2R̃n,m(f, x) =
1

n2

m+n−1∑
k=m

k+n−1∑
l=k

R̃l(f, x), (47)

à âåëè÷èíû R̂l(f, x) è R̃l(f, x) îïðåäåëåíû ðàâåíñòâàìè (39) è (40). Çàéìåìñÿ

âîïðîñîì îá îöåíêàõ äëÿ ýòèõ äâóõ âåëè÷èí, îñòàíîâèâøèñü ñíà÷àëà íà R̃l(f, x).

Ëåììà 1.2. Ïóñòü f ∈ IrΩ. Òîãäà èìååò ìåñòî îöåíêà

|R̃l(f, x)| 6 c(r)

lr

∫ π

−π
|f (r+1)(t)|dt. (48)

Äîêàçàòåëüñòâî. Îáðàòèìñÿ ê ðàâåíñòâó (47), èç êîòîðîãî íàõîäèì

|R̃l(f, x)| =

∣∣∣∣∣∣ 1π
∫ π

−π
f (r+1)(t)

∞∑
k=l+1

cos
(
k(t− x) + π(r+1)

2

)
kr+1

dt

∣∣∣∣∣∣ 6 .

1

π

∫ π

−π
|f (r+1)(t)|dt

∞∑
k=l+1

1

kr+1
6
c(r)

lr

∫ π

−π
|f (r+1)(t)|dt.

Ëåììà 1.2 äîêàçàíà.

Ëåììà 1.3. Ïóñòü r > 3, f ∈ IrΩ. Òîãäà èìååò ìåñòî îöåíêà

|2R̃l(f, x)| 6 c(r)Ir(f)

(m+ n)2mr−2
, |1R̃l(f, x)| 6 c(r)Ir(f)

(m+ n)mr−1

ãäå Ir(f) =
∫ π
−π |f

(r+1)(t)|dt.

Äîêàçàòåëüñòâî. Îáðàòèìñÿ ê ðàâåíñòâó (47). Òîãäà â ñèëó ëåììû 1.2

èìååì

|2R̃l(f, x)| 6 | 1

n2

m+n−1∑
k=m

k+n−1∑
l=k

|R̃l(f, x)| 6

1

n2

m+n−1∑
k=m

k+n−1∑
l=k

c(r)Ir(f)

lr
6

c(r)Ir(f)

(m+ n)2mr−2
.

Àíàëîãè÷íî, èñïîëüçóÿ âòîðîå èç ðàâåíñòâ (45), âûâîäèì îöåíêó äëÿ

|1R̃l(f, x)|. Ëåììà 1.3 äîêàçàíà.
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Ïðåæäå, ÷åì ïåðåéòè ê âîïðîñó îá îöåíêàõ äëÿ âåëè÷èí |R̂l(f, x)|, |1R̂l(f, x)|
è |2R̂l(f, x)|, ìû ïðåäâàðèòåëüíî äîêàæåì íåêîòîðûå âñïîìîãàòåëüíûå óòâåð-

æäåíèÿ. Ïîëîæèì

Kνl (u) =

∞∑
z=l+1

cos(zu+ νπ
2 )

zν
, (49)

1Kνn,m(u) =
1

n

m+n−1∑
l=m

Kνl (u), (50)

2Kνn,m(u) =
1

n

m+n−1∑
k=m

1Kνn,k(u) =
1

n2

m+n−1∑
k=m

k+n−1∑
l=k

Kνl (u). (51)

Ëåììà 1.4. Èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà

1K2µ
n,k(u) =

(−1)µ

n

n−1∑
λ=1

∞∑
κ=1

sin λ
2u sin κ

2u cos(k + κ+λ
2 )u

sin2 u
2

∆2gµ(k + κ+ λ− 1)

+
(−1)µ−1

n

∞∑
κ=1

sin n
2u sin κ

2u cos(k + κ+n
2 )u

sin2 u
2

∆gµ(k + n+ κ− 1), (52)

1K2µ−1
n,k (u) =

(−1)µ

n

n−1∑
λ=1

∞∑
κ=1

sin λ
2u sin κ

2u sin(k + κ+λ
2 )u

sin2 u
2

∆2qµ(k + κ+ λ− 1)

+
(−1)µ−1

n

∞∑
κ=1

sin n
2u sin κ

2u sin(k + κ+n
2 )u

sin2 u
2

∆qµ(k + n+ κ− 1), (53)

ãäå gµ(t) = t−2µ, qµ(t) = t−2µ+1, ∆ϕ(t) = ϕ(t + 1) − ϕ(t), ∆2ϕ(t) = ϕ(t + 2) −
2ϕ(t+ 1) + ϕ(t).

Äîêàçàòåëüñòâî. Èç (49) è (50) èìååì

1Kνn,k(u) =
1

n

n−1∑
λ=0

∞∑
κ=0

cos
[
(k + κ+ λ+ 1)u+ πν

2

]
(k + κ+ λ+ 1)ν

,

ïîýòîìó, ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Àáåëÿ ìû ìîæåì çàïèñàòü

1Kνn,k(u) =
1

n

n−1∑
λ=0

∞∑
κ=0

[
1

(k + κ+ λ+ 1)ν
− 1

(k + κ+ λ+ 2)ν

]
vkκ,λ(u), (54)

ãäå

vkκ,λ(u) =

κ∑
j=0

cos[(k + j + λ+ 1)u+
πν

2
]. (55)



ÏÐÈÁËÈÆÅÍÈÅ ÔÓÍÊÖÈÉ ÏÎÂÒÎÐÍÛÌÈ ÑÐÅÄÍÈÌÈ ÂÀËËÅ ÏÓÑÑÅÍÀ 79

Ìû ðàññìîòðèì äâà ñëó÷àÿ, êîãäà ν ÿâëÿåòñÿ ÷åòíûì èëè íå÷åòíûì. Åñëè

ν = 2µ, òî cos(pu+ πν
2 ) = (−1)µ cos pu, ñëåäîâàòåëüíî, (55) ïðèíèìàåò âèä

vkκ,λ(u) = (−1)µ
κ∑
j=0

cos(k + 1 + λ+ j)u =

= (−1)µ
sin(2(k + 1 + λ+ κ) + 1)u2 − sin(2(k + λ) + 1)u2

2 sin u
2

(56)

Èç (54) è (56) èìååì

1K2µ
n,k(u) =

(−1)µ−1

n
×

∞∑
κ=0

n−1∑
λ=0

∆gµ(k + 1 + κ+ λ)
sin(2(k + 1 + λ+ κ) + 1)u2 − sin(2(k + λ) + 1)u2

2 sin u
2

. (57)

Ïðèìåíÿÿ ê âíóòðåííåé ñóììå èç (57) ïðåîáðàçîâàíèå Àáåëÿ, ìû ïîëó÷èì

1K2µ
n,k(u) =

(−1)µ

n

∞∑
κ=0

n−2∑
λ=0

∆2gµ(k + 1 + κ+ λ)
W k
κ,λ(u)−W k

−1,λ(u)

2 sin u
2

+

+
(−1)µ−1

n

∞∑
κ=0

∆gµ(n+ k + κ)
W k
κ,n−1(u)−W k

−1,n−1(u)

2 sin u
2

, (58)

ãäå

W k
κ,λ(u) =

λ∑
η=0

sin(2(k + κ+ 1 + η) + 1)
u

2
=

sin2(k + λ+ κ+ 2)u2 − sin2(k + κ+ 1)u2
sin u

2

=

1

sin u
2

(sin(k + λ+ κ+ 2)
u

2
− sin(k + κ+ 1)

u

2
)×

(sin(k + λ+ κ+ 2)
u

2
+ sin(k + κ+ 1)

u

2
) =

4

sin u
2

sin
λ+ 1

4
u · cos(k + κ+ 1 +

λ+ 1

2
)
u

2
×

sin(k + κ+ 1 +
λ+ 1

2
)
u

2
cos

λ+ 1

4
u

è îòñþäà

W k
κ,λ(u)−W k

−1,λ(u) =
4

sin u
2

sin
λ+ 1

4
u cos

λ+ 1

4
u×

(
sin(k + κ+ 1 +

λ+ 1

2
)
u

2
cos(k + κ+ 1 +

λ+ 1

2
)
u

2
−

− sin(k +
λ+ 1

2
)
u

2
cos(k +

λ+ 1

2
)
u

2

)
=
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sin(λ+ 1)u2
sin u

2

(
sin(2(k + κ+ 1) + λ+ 1)

u

2
− sin(2k + λ+ 1)

u

2

)
=

2

sin u
2

sin(λ+ 1)
u

2
sin(κ+ 1)

u

2
cos(2k + κ+ λ+ 2)

u

2
. (59)

Ðàâåíñòâî (52) âûòåêàåò èç (58) è (59).

Äîêàæåì (53). Äëÿ ýòîãî çàìåòèì, ÷òî ïðè ν = 2µ − 1 èìååì cos(pu +
π(2µ−1)

2 ) = (−1)µ sin pu, ñëåäîâàòåëüíî, (55) ïðèíèìàåò âèä

vkκ,λ(u) = (−1)µ
κ∑
j=0

sin(k + 1 + λ+ j)u =

(−1)µ
sin(k + 1 + λ+ κ)u2 sin(k + 2 + λ+ κ)u2 − sin(k + λ)u2 sin(k + λ+ 1)u2

sin u
2

=

(−1)µ
cos(2k + 2λ+ 1)u2 − cos(2k + 2λ+ 2κ+ 3)u2

2 sin u
2

. (60)

Èç (54) è (60) èìååì

1K2µ−1
n,k (u) =

(−1)µ−1

n
×

∞∑
κ=0

n−1∑
λ=0

∆qµ(k + 1 + λ+ κ)
cos(2k + 2λ+ 1)u2 − cos(2k + 2λ+ 2κ+ 3)u2

2 sin u
2

. (61)

Ïðèìåíÿÿ ê âíóòðåííåé ñóììå èç (61) ïðåîáðàçîâàíèå Àáåëÿ, ìû ïîëó÷èì

1K2µ−1
n,k (u) =

(−1)µ

n

∞∑
κ=0

n−2∑
λ=0

∆2qµ(k + 1 + κ+ λ)
Y k−1,λ(u)− Y kκ,λ(u)

2 sin u
2

+

+
(−1)µ−1

n

∞∑
κ=0

∆qµ(n+ k + κ)
Y k−1,n−1(u)− Y kκ,n−1(u)

2 sin u
2

, (62)

ãäå

Y kκ,λ(u) =

λ∑
j=0

cos(2(k + 1 + j + κ) + 1)
u

2
=

sin(k + κ+ λ+ 2)u− sin(k + κ+ 1)u

2 sin u
2

=

sin(l + 1)u2 cos(2n+ 2k + l + 3)u2
sin u

2

.

Îòñþäà èìååì

Y k−1,λ(u)− Y kκ,λ(u) =

sin(λ+ 1)u2
sin u

2

(cos(2k + λ+ 1)
u

2
− cos(2k + 2κ+ λ+ 3)

u

2
) =

2

sin u
2

sin(λ+ 1)
u

2
sin(κ+ 1)

u

2
sin(2k + λ+ κ+ 2)

u

2
. (63)

Ðàâåíñòâî (53) âûòåêàåò èç (62) è (63). Ëåììà 1.4 äîêàçàíà.
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Âåðíåìñÿ ê ðàâåíñòâó (51) è ðàññìîòðèì ñëó÷àé ν = 2µ � ÷åòíîå. Òîãäà â

ñèëó ëåììû 1.4 ìû ìîæåì çàïèñàòü

2K2µ
n,m(u) =

(−1)µ

n2

n−1∑
λ=1

∞∑
κ=1

sin λ
2u sin κ

2u

sin2 u
2

m+n−1∑
k=m

cos(k +
κ+ λ

2
)u∆2gµ(k + κ+ λ− 1)

+
(−1)µ−1

n2

∞∑
κ=1

sin n
2u sin κ

2u

sin2 u
2

m+n−1∑
k=m

cos(k +
κ+ n

2
)u∆gµ(k + n+ κ− 1). (64)

Ê âíóòðåííèì ñóììàì âèäà
∑m+n−1
k=m , ôèãóðèðóþùèì â ïðàâîé ÷àñòè ðàâåíñòâà

(64), ïðèìåíèì ïðåîáðàçîâàíèå Àáåëÿ, ÷òî äàåò

m+n−1∑
k=m

cos(k +
κ+ λ

2
)u∆2gµ(k + κ+ λ− 1) =

−
m+n−2∑
k=m

∆3gµ(k + κ+ λ− 1)Xλ,κ
k + ∆2gµ(m+ n+ κ+ λ− 2)Xλ,κ

m+n−1, (65)

m+n−1∑
k=m

cos(k +
κ+ n

2
)u∆gµ(k + n+ κ− 1) =

−
m+n−2∑
k=m

∆2gµ(k + n+ κ− 1)Xn,κ
k + ∆gµ(m+ 2n+ κ− 2)Xn,κ

m+n−1, (66)

ãäå

Xλ,κ
k =

k∑
j=m

cos(ju+
(κ+ λ)u

2
) =

cos(k + κ+ λ)u2 sin(k + 1)u2 − cos(m+ κ+ λ− 1)u2 sin mu
2

sin u
2

=

=
sin(2k + κ+ λ+ 1)u2 − sin(2m+ κ+ λ− 1)u2

2 sin u
2

=
sin(k −m+ 1)u2 cos(m+ k + κ+ λ)u2

sin u
2

. (67)

Èç ðàâåíñòâ (64) � (67) ìû âûâîäèì ñëåäóþùèé ðåçóëüòàò.

Ëåììà 1.5. Èìååò ìåñòî ðàâåíñòâî

2K2µ
n,m(u) =

(−1)µ−1

n2 sin3 u
2

(
n−1∑
λ=1

n−1∑
k=1

∞∑
κ=1

∆3gµ(m+ k + κ+ λ− 2)×

sin
λu

2
sin

κu

2
sin

ku

2
cos(2m+ k + κ+ λ− 1)

u

2
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−
n−1∑
λ=1

∞∑
κ=1

∆2gµ(m+ n+ κ+ λ− 2)×

sin
λu

2
sin

κu

2
sin

nu

2
cos(2m+ n+ κ+ λ− 1)

u

2

−
n−1∑
k=1

∞∑
κ=1

∆2gµ(m+ n+ k + κ− 2)×

sin
nu

2
sin

κu

2
sin

ku

2
cos(2m+ n+ k + κ− 1)

u

2

+

∞∑
κ=1

∆gµ(m+ 2n+ κ− 2) sin2 nu

2
sin

κu

2
cos(2m+ 2n+ κ− 1)

u

2

)
.

Ðàññìîòðèì (46) â ñëó÷àå ν = 2µ− 1 � íå÷åòíî. Èç ëåììû 1.4 (ðàâåíñòâî (53))

èìååì

2K2µ−1
n,m (u) =

(−1)µ

n2

n−1∑
λ=1

∞∑
κ=1

sin λ
2u sin κ

2u

sin2 u
2

m+n−1∑
k=m

∆2gµ(k + κ+ λ− 1) sin(ku+ (κ+ λ)
u

2
)

− (−1)µ

n2

∞∑
κ=1

sin n
2u sin κ

2u

sin2 u
2

m+n−1∑
k=m

∆gµ(k + n+ κ− 1) sin(ku+ (n+ κ)
u

2
). (68)

Ê âíóòðåííèì ñóììàì âèäà
∑m+n−1
k=m , ôèãóðèðóþùèì â ïðàâîé ÷àñòè ðàâåíñòâà

(68), ïðèìåíèì ïðåîáðàçîâàíèå Àáåëÿ, ÷òî äàåò

m+n−1∑
k=m

∆2gµ(k + κ+ λ− 1) sin(ku+ (κ+ λ)
u

2
) =

−
m+n−2∑
k=m

∆3qµ(k + κ+ λ− 1)Zλ,κk + ∆2qµ(m+ n+ κ+ λ− 2)Zλ,κm+n−1, (69)

m+n−1∑
k=m

sin(k +
κ+ n

2
)u∆qµ(k + n+ κ− 1) =

−
m+n−2∑
k=m

∆2qµ(k + n+ κ− 1)Zn,κk + ∆qµ(m+ 2n+ κ− 2)Zn,κm+n−1, (70)

ãäå

Zλ,κk =

k∑
j=m

sin(ju+
(κ+ λ)u

2
) =

sin(k + κ+ λ)u2 sin(k + 1)u2 − sin(m+ κ+ λ− 1)u2 sin mu
2

sin u
2

=
cos(2k + κ+ λ+ 1)u2 − cos(κ+ λ− 1)u2

2 sin u
2
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=
sin(k −m+ 1)u2 sin(m+ k + κ+ λ)u2

sin u
2

. (71)

Èç ðàâåíñòâ (68) � (71) ìû âûâîäèì ñëåäóþùèé ðåçóëüòàò.

Ëåììà 1.6. Èìååò ìåñòî ðàâåíñòâî

2K2µ−1
n,m (u) =

(−1)µ−1

n2 sin3 u
2

(
n−1∑
λ=1

n−1∑
k=1

∞∑
κ=1

∆3qµ(m+ k + κ+ λ− 2)×

sin
λu

2
sin

κu

2
sin

ku

2
sin(2m+ k + κ+ λ− 1)

u

2

−
n−1∑
λ=1

∞∑
κ=1

∆2qµ(m+ n+ κ+ λ− 2)×

sin
λu

2
sin

κu

2
sin

nu

2
sin(2m+ n+ κ+ λ− 1)

u

2

−
n−1∑
k=1

∞∑
κ=1

∆2qµ(m+ n+ k + κ− 2)×

sin
nu

2
sin

κu

2
sin

ku

2
sin(2m+ n+ k + κ− 1)

u

2

+

∞∑
κ=1

∆qµ(m+ 2n+ κ− 2) sin2 nu

2
sin

κu

2
sin(2m+ 2n+ κ− 1)

u

2

)
.

Ëåììà 1.7. Èìåþò ìåñòî ðàâåíñòâà

K2µ
l (u) = (−1)µ−1

∞∑
κ=1

∆gµ(κ+ l)
sin κu

2 cos(2l + κ+ 1)u2
sin u

2

,

K2µ−1
l (u) = (−1)µ−1

∞∑
κ=1

∆qµ(κ+ l)
sin κu

2 sin(2l + κ+ 1)u2
sin u

2

.

ãäå gµ(t) = t−2µ, qµ(t) = t−2µ−1.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé ÷åòíîãî ν = 2µ. Òîãäà â

ñèëó (49) èìååì

K2µ
l (u) = (−1)µ

∞∑
z=l+1

cos(zu)

zν
= (−1)µ

∞∑
κ=1

cos((κ+ l)u)

(κ+ l)ν
.

Îòñþäà, â ðåçóëüòàòå ïðåîáðàçîâàíèÿ Àáåëÿ, èìååì

K2µ
l (u) = (−1)µ−1

∞∑
κ=1

∆gµ(κ+ l)
sin(κ+ l + 1

2 )u)− sin(l + 1
2 )u)

2 sin u
2

=

(−1)µ−1
∞∑
κ=1

∆gµ(κ+ l)
sin κu

2 cos(2l + κ+ 1)u2
sin u

2

. (72)
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Ïåðåéäåì ê íå÷åòíîìó ν = 2µ− 1. Òîãäà â ñèëó (46) èìååì

K2µ−1
l (u) = (−1)µ

∞∑
z=l+1

sin(zu)

zν
= (−1)µ

∞∑
κ=1

sin((κ+ l)u)

(κ+ l)ν
.

Îòñþäà, â ðåçóëüòàòå ïðåîáðàçîâàíèÿ Àáåëÿ, èìååì

K2µ−1
l (u) =

(−1)µ−1
∞∑
κ=1

∆qµ(κ+ l)
sin(κ+ l)u2 sin(κ+ l + 1)u2 − sin lu2 sin(l + 1)u2

sin u
2

=

(−1)µ−1
∞∑
κ=1

∆qµ(κ+ l)
cos(2l + 1)u2 − cos(2κ+ 2l + 1)u2

2 sin u
2

=

(−1)µ−1
∞∑
κ=1

∆qµ(κ+ l)
sin κu

2 sin(2l + κ+ 1)u2
sin u

2

. (73)

Óòâåðæäåíèå ëåììû 1.7 âûòåêàåò èç (72) è (73).

2. Ïðèáëèæåíèå êóñî÷íî-ãëàäêèõ ôóíêöèé

Ðàññìîòðèì çàäà÷ó î ïðèáëèæåíèè ôóíêöèé f ∈ IrΩ ñóììàìè Ôóðüå Sn(f, x),

ñðåäíèìè Âàëëå Ïóññåíà 1Vn,n(f, x) è ïîâòîðíûìè ñðåäíèìè Âàëëå Ïóññåíà

2Vn,n(f, x). Äëÿ ýòîãî ìû âåðíåìñÿ ê âîïðîñó îá îöåíêå âåëè÷èí |Rn(f, x)|,
|1Rn,m(f, x)| è |2Rn,m(f, x)| (ñì. (28), (41), (42)). Ïîñêîëüêó äëÿ ýòèõ âåëè÷èí

èìåþò ìåñòî ïðåäñòàâëåíèÿ (38), (43) è (44), à âåëè÷èíû |R̃n(f, x)|, |1R̃n,m(f, x)|
è |2R̃n,m(f, x)| óæå îöåíåíû (ñì. ëåììû 1.2 è 1.3), òî íàì îñòà¼òñÿ ðàññìîòðåòü

|R̂n(f, x)|, |1R̂n,m(f, x)| è |2R̂n,m(f, x)| (ñì. (39), (45), (46)). Ñ ýòîé öåëüþ ââåäåì

ñëåäóþùèå îáîçíà÷åíèÿ. Åñëè f ∈ IrΩ, òî ïîëîæèì

JΩ,r(f) = max{|f (ν)(xj + 0)|, |f (ν)(xj+1 − 0)| : 0 6 j 6 s, 1 6 ν 6 r}, (74)

QΩ,ε =

s⋃
j=0

[xj + ε, xj+1 + ε], (75)

ãäå 0 < ε < 1
2 min{xj+1 − xj : 0 6 j 6 s} è çàìåòèì, ÷òî â ñèëó (36) è (46) ìû

ìîæåì çàïèñàòü

R̂l(f, x) =
1

π

s∑
j=0

r∑
ν=1

f (ν)(xj + 0)Kν+1
l (x− xj)

− 1

π

s∑
j=0

r∑
ν=1

f (ν)(xj+1 − 0)Kν+1
l (x− xj+1), (76)

ïîýòîìó èç (42), (43), (47) è (48) íàõîäèì

1R̂n,m(f, x) =
1

π

s∑
j=0

r∑
ν=1

f (ν)(xj + 0)1Kν+1
n,m(x− xj)
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− 1

π

s∑
j=0

r∑
ν=1

f (ν)(xj+1 − 0)1Kν+1
n,m(x− xj+1), (77)

2R̂n,m(f, x) =
1

π

s∑
j=0

r∑
ν=1

f (ν)(xj + 0)2Kν+1
n,m(x− xj)

− 1

π

s∑
j=0

r∑
ν=1

f (ν)(xj+1 − 0)2Kν+1
n,m(x− xj+1). (78)

×òîáû îöåíèòü âåëè÷èíû |2Kν+1
n,m(x − xj | îáðàòèìñÿ ê ëåììàì 1.5 è 1.6. Åñëè

x ∈ QΩ,ε, òî | sin(x − xj)/2| > sin(ε/2), ïîýòîìó â ñèëó óêàçàííûõ ëåìì ìû

ìîæåì çàïèñàòü

|2Kν+1
n,m(x− xj)| 6

c(ν, ε)

n2

(
n−1∑
λ=1

n−1∑
k=1

∞∑
κ=1

|∆3F (m+ k + κ+ λ− 2)|+

n−1∑
λ=1

∞∑
κ=1

|∆2F (m+ n+ κ+ λ− 2)|+
n−1∑
k=1

∞∑
κ=1

∆2|F (m+ n+ k + κ− 2)|

+

∞∑
κ=1

|∆F (m+ 2n+ κ− 2)|

)
,

ãäå F (t) = tν+1, ν > 1. Îòñþäà ñëåäóåò, ÷òî åñëè x ∈ QΩ,ε, òî

|2Kν+1
n,m(x− xj)| 6

c(ν, ε)

n2(m+ 1)2
. (79)

Àíàëîãè÷íî, èç ëåììû 1.4 âûâîäèì ñëåäóþùóþ îöåíêó

|1Kν+1
n,m(x− xj)| 6

c(ν, ε)

n(m+ 1)2
, x ∈ QΩ,ε, 0 6 j 6 s+ 1, (80)

à èç ëåììû 1.7 âûòåêàåò îöåíêà

|Kν+1
m (x− xj)| 6

c(ν, ε)

(m+ 1)2
, x ∈ QΩ,ε, 0 6 j 6 s+ 1. (81)

Ñîïîñòàâëÿÿ (79) � (81) c (76) � (78), ìû ìîæåì ñôîðìóëèðîâàòü ñëåäóþùåå

óòâåðæäåíèå.

Ëåììà 2.1. Ïóñòü r > 4, f ∈ IrΩ. Òîãäà åñëè x ∈ QΩ,ε, òî èìåþò ìåñòî

îöåíêè

|R̂m(f, x)| 6 c(r, ε)JΩ,r(f)

(m+ 1)2
,

|1R̂n,m(f, x)| 6 c(r, ε)JΩ,r(f)

n(m+ 1)2
,

|2R̂n,m(f, x)| 6 c(r, ε)JΩ,r(f)

n2(m+ 1)2
.
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Èç ëåìì 1.2, 1.3, 2.1 è ðàâåíñòâ (38), (43), (44) âûâîäèì ñëåäóþùèé îñíîâíîé

ðåçóëüòàò íàñòîÿùåé ðàáîòû.

Òåîðåìà 2.1. Ïóñòü −π = x0 < x1 < · · · < xs < xs+1 = π,

Ω = {x0, x1, . . . xs, xs+1}, 0 < ε < 1
2 min{xj+1 − xj : 0 6 j 6 s}, ìíîæå-

ñòâî QΩ,ε îïðåäåëåíî ðàâåíñòâîì (75), f ∈ IrΩ. Òîãäà åñëè r > 3, x ∈ QΩ,ε, òî

èìåþò ìåñòî îöåíêè

|Rm(f, x)| 6 c(r, ε)JΩ,r(f)

(m+ 1)2
+
c(r)Ir(f)

(m+ 1)r
,

|1Rn,m(f, x)| 6 c(r, ε)JΩ,r(f)

n(m+ 1)2
+

c(r)Ir(f)

(n+m)(m+ 1)r−1
,

|2Rn,m(f, x)| 6 c(r, ε)JΩ,r(f)

n2(m+ 1)2
+

c(r)Ir(f)

(n+m)2(m+ 1)r−2
,

ãäå âåëè÷èíà JΩ,r(f) îïðåäåëåíà ðàâåíñòâîì (74), Ir(f) =
∫ π
−π |f

(r+1)(t)|dt.

3. Ïðèáëèæåíèå íåïåðèîäè÷åñêèõ ôóíêöèé

ïîñðåäñòâîì ïåðåêðûâàþùèõ ïðåîáðàçîâàíèé

Ïóñòü ôóíêöèÿ f = f(x) çàäàíà è íåïðåðûâíà íà îòðåçêå [0, dπ], ãäå 2 6 d �

íàòóðàëüíîå ÷èñëî. Äëÿ êàæäîãî 0 6 l 6 2d − 2 íà [0, π] îïðåäåëèì ôóíêöèþ

fl(x) = f(x+ lπ/2) (x ∈ [0, π]). Äàëåå, îïðåäåëèì îïåðàòîðû LSn(f), L1Vn(f) è

L2Vn(f), ïîëàãàÿ

LSn(f)(x) =


Sn(f, x), ïðè 0 6 x < π/4,

Sn(fl, x− lπ
2 ) (0 6 l 6 2d− 2), ïðè x ∈ [(l + 1

2 )π2 , (l + 3
2 )π2 ),

Sn(f2d−2, x− (d− 1)π), ïðè dπ − π/4 < x 6 dπ,

(82)

L1Vn(f)(x) =


1Vn,n(f, x), ïðè 0 6 x < π/4,

1Vn,n(fl, x− lπ
2 ) (0 6 l 6 2d− 2), ïðè x ∈ [(l + 1

2 )π2 , (l + 3
2 )π2 ),

1Vn,n(f2d−2, x− (d− 1)π), ïðè dπ − π/4 < x 6 dπ,

(83)

L2Vn(f)(x) =


2Vn,n(f, x), ïðè 0 6 x < π/4,

2Vn,n(fl, x− lπ
2 ) (0 6 l 6 2d− 2), ïðè x ∈ [(l + 1

2 )π2 , (l + 3
2 )π2 ),

2Vn,n(f2d−2, x− (d− 1)π), ïðè dπ − π/4 < x 6 dπ,

(84)

è ñ÷èòàÿ LSn(f)(x), L1Vn(f)(x) è L2Vn(f)(x) íåïðåðûâíûìè ñëåâà â òî÷êå

x = dπ − π/4 . Áóäåì ðàññìàòðèâàòü îïåðàòîðû êàê àïïàðàò ïðèáëèæåíèÿ

äèôôåðåíöèðóåìûõ (âîîáùå ãîâîðÿ, íåïåðèîäè÷åñêèõ) ôóíêöèé, çàäàííûõ íà

[0, dπ]. Èç òåîðåìû 2.1 íåïîñðåäñòâåííî âûâîäèì

Ñëåäñòâèå 1. Ïóñòü f ∈ W 4
1 [0, dπ], π/4 6 x 6 dπ − π/4. Òîãäà èìåþò

ìåñòî ñëåäóþùèå îöåíêè

|f(x)− LSn(f, x)| 6 c(f)

n2
,
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|f(x)− L1Vn(f, x)| 6 c(f)

n3
,

|f(x)− L2Vn(f, x)| 6 c(f)

n4
.

Äîêàçàòåëüñòâî. Â ñàìîì äåëå, ôóíêöèÿ fl(x) = f(x + lπ/2) ñ 0 6 l 6
2d − 2 ìîæíî ïðîäîëæèòü íà îòðåçîê [−π, π] ïî ÷åòíîñòè, à çàòåì íà âñþ îñü

R 2π-ïåðèîäè÷åñêè. Òîãäà, ïîñêîëüêó f ∈ W 4
1 [0, dπ], òî fl ∈ I3

Ω è, ñòàëî áûòü,

ìû ïîïàäàåì â óñëîâèÿ òåîðåìû 2.1 ñ r = 3, îòêóäà è âûòåêàþò óòâåðæäåíèÿ

ñëåäñòâèÿ 1.

4. ×èñëåííûå ýêñïåðèìåíòû

Â íàñòîÿùåì ïóíêòå ìû ïðîäåìîíñòðèðóåì ýôôåêòèâíîñòü ïðåäëàãàåìî-

ãî àëãîðèòìà ïðèáëèæåíèÿ ãëàäêèõ ïåðèîäè÷åñêèõ ôóíêöèé ïîñëåäñòâîì ïî-

âòîðíûõ ñðåäíèõ Âàëëå Ïóññåíà, ïóòåì ñîïîñòàâëåíèÿ ðåçóëüòàòîâ ÷èñëåííûõ

ýêñïåðèìåíòîâ, ïðîâåäåííûõ íàìè îäíîâðåìåííî äëÿ îïåðàòîðîâ LS3n−2(f) è

L2Vn(f). Ïðè ýòîì îòìåòèì, ÷òî ìíîæåñòâî êîýôôèöèåíòîâ Ôóðüå âñåõ ôóíê-

öèé fl, ïðèâëåêàåìûõ ïðè êîíñòðóèðîâàíèè îïåðàòîðà LS3n−2(f), ñîâïàäàåò ñ

àíàëîãè÷íûì ìíîæåñòâîì äëÿ îïåðàòîðà L2Vn(f). Ïðèâåäåì íèæå ïðîãðàììó

íà ÿçûêå Q-BASIC, êîòîðóþ ìû ðàçðàáîòàëè äëÿ ÷èñëåííîé ðåàëèçàöèè çíà÷å-

íèé LS3n−2(f, x) è L2Vn(f, x) íà ñåòêå xj = (2j+1)/(2M), j = 0, . . . ,M−1. Ïðè

ýòîì îòìåòèì, ÷òî âìåñòî ôóíêöèè f(x) =
√
x+ 1, âçÿòîé â ïðîãðàììå äëÿ ïðî-

âåäåíèÿ ÷èñëåííîãî ýêñïåðèìåíòà, ìîæåò áûòü âçÿòà ëþáàÿ äðóãàÿ äîñòàòî÷íî

ãëàäêàÿ ôóíêöèÿ, çàäàííàÿ íà îòðåçêå [0, dπ], ãäå 2 6 d � ïðîèçâîëüíîå íàòó-

ðàëüíîå ÷èñëî. Çàìåòèì òàêæå, ÷òî ïðîãðàììó ìîæíî ñóùåñòâåííî óëó÷øèòü

ïóòåì ïðèìåíåíèÿ àëãîðèòìà áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå äëÿ âû÷èñëåíèÿ

êîýôôèöèåíòîâ Ôóðüå ôóíêöèé gl(x) = g(x+ lπ/2) c 0 6 l 6 2d− 2, èãðàþùèõ

â ïðîãðàììå ðîëü ôóíêöèé fl(x) = f(x+ lπ/2).

REM Lapped transform

REM "Chislo tochek diskretizacii x_j=(2j+1)/(2M) na (0,pi); M"

REM "Chislo otrezkov [0,pi] v obl.opr.func. g; p1"

REM "n usrednenie, prichem 3n-2<=M"

M = 128

p1 = 2

n = 10

n1 = 3 * n - 2

M1 = p1 * M

p = 2 * p1 - 2

DEF fng (x) = (x + 1) ^ (1 / 2)

pi = ATN(1) * 4

DIM g(M1 - 1): REM Ishodnaya function

DIM gv(M1 - 1): REM Priblizjenie vtorymi srednimi V-sena (laped)

DIM gf(M1 - 1): REM Priblizjenie summami Fur'e (laped)

DIM A(n1, p): REM Fourier coofficients (matrica P X n1)

DIM V2(n1): REM mnozjiteli Valle Pussena

DIM AV(n1, p): REM Fourier X mnojit Valle (matrica P X n1)
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REM Mnozjitely Valle Pussena

FOR j = 0 TO n

V2(j) = 1

NEXT j

FOR j = n + 1 TO 2 * n - 1

V2(j) = (2 * n ^ 2 - (j - n) * (j - n + 1)) / (2 * n ^ 2)

NEXT j

FOR j = 2 * n TO 3 * n - 2

V2(j) = (3 * n - j) * (3 * n - j - 1) / (2 * n ^ 2)

NEXT j

REM Znacheniya function g(x) na setke

FOR j = 0 TO M1 - 1

g(j) = fng((2 * j + 1) * pi / (2 * M))

NEXT j

REM Pryamoe preobrazovaniye Fourier

pm = M \ 2

FOR l = 0 TO p

FOR k = 0 TO n1

A(k, l) = 0

FOR j = 0 TO M - 1

A(k, l) = A(k, l) + COS(k * (2 * j + 1) * pi / (2 * M)) * g(l * pm + j)

NEXT j

A(k, l) = 2 * A(k, l) / M

NEXT k

NEXT l

REM Umnozjenie na mnozjiteli Valle Pussena

FOR l = 0 TO p

FOR k = 0 TO n1

AV(k, l) = V2(k) * A(k, l)

NEXT k

NEXT l

REM Obratnoe preobrazovanie Fuorier (laped)

qm = M \ 4

FOR j = 0 TO 3 * qm

s = A(0, 0) / 2

FOR k = 1 TO n1

s = s + A(k, 0) * COS(k * (2 * j + 1) * pi / (2 * M))

NEXT k

gf(j) = s

NEXT j

FOR j = qm + 1 TO M - 1

s = A(0, p) / 2

FOR k = 1 TO n1

s = s + A(k, p) * COS(k * (2 * j + 1) * pi / (2 * M))

NEXT k

gf(j + p * pm) = s
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NEXT j

FOR l = 1 TO p - 1

FOR j = qm + 1 TO qm + pm

s = A(0, l) / 2

FOR k = 1 TO n1

s = s + A(k, l) * COS(k * (2 * j + 1) * pi / (2 * M))

NEXT k

gf(j + l * pm) = s

NEXT j

NEXT l

REM Obratnoe preobrazovanie Valle Pussena (laped)

FOR j = 0 TO 3 * qm

s = AV(0, 0) / 2

FOR k = 1 TO n1

s = s + AV(k, 0) * COS(k * (2 * j + 1) * pi / (2 * M))

NEXT k

gv(j) = s

NEXT j

FOR j = qm + 1 TO M - 1

s = AV(0, p) / 2

FOR k = 1 TO n1

s = s + AV(k, p) * COS(k * (2 * j + 1) * pi / (2 * M))

NEXT k

gv(j + p * pm) = s

NEXT j

FOR l = 1 TO p - 1

FOR j = qm + 1 TO qm + pm

s = AV(0, l) / 2

FOR k = 1 TO n1

s = s + AV(k, l) * COS(k * (2 * j + 1) * pi / (2 * M))

NEXT k

gv(j + l * pm) = s

NEXT j

NEXT l

REM Vyvod rezul

OPEN "result.txt" FOR OUTPUT AS #1

M2 = (M1 - 1) \ 2

FOR j = qm TO M2

A=ABS(gv(j) - g(j))

B=ABS(gf(j) - g(j))

C=ABS(gv(j+M2-qm+1) - g(j+M2-qm+1))

D=ABS(gf(j+M2-qm+1) - g(j+M2-qm+1))

WRITE #1,A,B,C,D

NEXT j

CLOSE #1



90 È.È. ØÀÐÀÏÓÄÈÍÎÂ

Ïðèâåäåì òàáëèöó îòêëîíåíèé |f(x)-L_2V_n(f,x)| è |f(x)-LS_{3n-2}(f,x)|

íà ñåòêå x_j=(2j+1)/(2M), êîãäà \pi/4 <= x_j <= d*M-M/4:

|f-L_2V_n(f)| |f-LS_{3n-2}(f)| |f-L_2V_n(f| |f-LS_{3n-2}(f)|

1.621246E-05," ",2.254248E-04," ",1.430511E-06," ",1.056194E-04

3.898144E-05," ",4.53949E-04," ",3.814697E-06," ",1.962185E-04

5.877018E-05," ",4.652739E-04," ",6.67572E-06," ",1.966953E-04

7.033348E-05," ",2.657175E-04," ",8.34465E-06," ",1.080036E-04

7.18832E-05," ",4.470348E-05," ",7.629395E-06," ",2.861023E-05

6.210804E-05," ",3.20673E-04," ",6.67572E-06," ",1.530647E-04

4.518032E-05," ",4.388094E-04," ",4.768372E-06," ",2.062321E-04

2.43187E-05," ",3.532171E-04," ",3.576279E-06," ",1.652241E-04

4.768372E-06," ",1.108646E-04," ",7.152557E-07," ",4.959106E-05

1.060963E-05," ",1.726151E-04," ",2.384186E-07," ",8.940697E-05

1.966953E-05," ",3.664494E-04," ",9.536743E-07," ",1.878738E-04

2.288818E-05," ",3.871918E-04," ",9.536743E-07," ",2.012253E-04

2.253056E-05," ",2.31266E-04," ",1.907349E-06," ",1.223087E-04

1.93119E-05," ",2.396107E-05," ",1.907349E-06," ",1.239777E-05

1.597404E-05," ",2.598763E-04," ",2.384186E-06," ",1.423359E-04

1.335144E-05," ",3.701448E-04," ",3.099442E-06," ",2.090931E-04

1.132488E-05," ",3.083944E-04," ",4.291534E-06," ",1.797676E-04

1.001358E-05," ",1.083612E-04," ",5.483627E-06," ",6.842613E-05

9.179115E-06," ",1.347065E-04," ",6.914139E-06," ",7.605553E-05

8.34465E-06," ",3.105402E-04," ",9.059906E-06," ",1.871586E-04

7.152557E-06," ",3.401041E-04," ",1.096725E-05," ",2.148151E-04

6.079674E-06," ",2.146959E-04," ",9.536743E-06," ",1.451969E-04

4.649162E-06," ",5.483627E-06," ",6.914139E-06," ",6.914139E-06

3.099442E-06," ",2.18153E-04," ",1.66893E-06," ",1.370907E-04

0," ",3.265142E-04," ",6.914139E-06," ",2.205372E-04

4.053116E-06," ",2.837181E-04," ",1.597404E-05," ",2.052784E-04

8.702278E-06," ",1.12772E-04," ",2.360344E-05," ",9.512901E-05

1.28746E-05," ",1.063347E-04," ",2.813339E-05," ",6.246567E-05

1.645088E-05," ",2.732277E-04," ",2.908707E-05," ",1.964569E-04

1.716614E-05," ",3.123283E-04," ",2.503395E-05," ",2.439022E-04

1.573563E-05," ",2.090931E-04," ",1.716614E-05," ",1.807213E-04

1.120567E-05," ",1.215935E-05," ",8.821487E-06," ",3.147125E-05

4.649162E-06," ",1.875162E-04," ",1.192093E-06," ",1.378059E-04

1.430511E-06," ",2.987385E-04," ",1.978874E-05," ",2.205372E-04

6.437302E-06," ",2.725124E-04," ",2.932549E-05," ",2.446175E-04

9.536743E-06," ",1.223087E-04," ",3.480911E-05," ",1.571178E-04

1.049042E-05," ",8.177757E-05," ",3.457069E-05," ",3.33786E-06

9.179115E-06," ",2.471209E-04," ",3.004074E-05," ",1.444817E-04

7.271767E-06," ",2.981424E-04," ",2.193451E-05," ",2.219677E-04

5.125999E-06," ",2.129078E-04," ",1.168251E-05," ",1.957417E-04

3.576279E-06," ",3.147125E-05," ",9.536743E-07," ",8.249283E-05

1.907349E-06," ",1.635551E-04," ",5.245209E-06," ",6.556511E-05

1.072884E-06," ",2.826452E-04," ",1.049042E-05," ",1.773834E-04

2.384186E-07," ",2.733469E-04," ",1.144409E-05," ",2.064705E-04

3.576279E-07," ",1.38998E-04," ",1.0252E-05," ",1.425743E-04

1.66893E-06," ",5.853176E-05," ",9.536743E-06," ",1.430511E-05
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1.788139E-06," ",2.293587E-04," ",7.629395E-06," ",1.146793E-04

2.622604E-06," ",2.95639E-04," ",5.960464E-06," ",1.895428E-04

3.814697E-06," ",2.273321E-04," ",4.291534E-06," ",1.759529E-04

5.483627E-06," ",5.531311E-05," ",4.768372E-06," ",8.392334E-05

7.987022E-06," ",1.431704E-04," ",3.814697E-06," ",4.529953E-05

1.072884E-05," ",2.775192E-04," ",3.099442E-06," ",1.50919E-04

1.323223E-05," ",2.857447E-04," ",2.861023E-06," ",1.852512E-04

1.323223E-05," ",1.64032E-04," ",2.145767E-06," ",1.36137E-04

1.060963E-05," ",3.445148E-05," ",9.536743E-07," ",2.551079E-05

4.768372E-06," ",2.189875E-04," ",4.768372E-07," ",9.393692E-05

4.410744E-06," ",3.073215E-04," ",9.536743E-07," ",1.692772E-04

1.525879E-05," ",2.559423E-04," ",3.099442E-06," ",1.659393E-04

2.515316E-05," ",8.702278E-05," ",5.245209E-06," ",8.749962E-05

3.123283E-05," ",1.250505E-04," ",7.152557E-06," ",2.980232E-05

3.290176E-05," ",2.833605E-04," ",8.583069E-06," ",1.33276E-04

2.884865E-05," ",3.166199E-04," ",8.821487E-06," ",1.740456E-04

2.074242E-05," ",2.053976E-04," ",6.67572E-06," ",1.370907E-04

1.0252E-05," ",3.695488E-06," ",4.768372E-06," ",3.838539E-05

4.768372E-07," ",2.17557E-04," ",9.536743E-07," ",7.748604E-05

2.467632E-05," ",2.801418E-04," ",2.145767E-06," ",1.571178E-04

3.623962E-05," ",3.027916E-04," ",4.529953E-06," ",1.635551E-04

4.374981E-05," ",1.87993E-04," ",5.722046E-06," ",9.608269E-05

4.36306E-05," ",7.152557E-06," ",6.437302E-06," ",1.573563E-05

3.802776E-05," ",1.900196E-04," ",4.768372E-06," ",1.20163E-04

2.682209E-05," ",2.806187E-04," ",3.33786E-06," ",1.709461E-04

1.358986E-05," ",2.406836E-04," ",1.66893E-06," ",1.43528E-04

1.549721E-06," ",9.393692E-05," ",4.768372E-07," ",5.054474E-05

7.867813E-06," ",8.97646E-05," ",9.536743E-07," ",6.508827E-05

1.335144E-05," ",2.2614E-04," ",9.536743E-07," ",1.516342E-04

1.525879E-05," ",2.548695E-04," ",2.622604E-06," ",1.690388E-04

1.442432E-05," ",1.679659E-04," ",2.384186E-06," ",1.091957E-04

1.215935E-05," ",7.629395E-06," ",2.622604E-06," ",1.66893E-06

1.060963E-05," ",1.522303E-04," ",2.622604E-06," ",1.122952E-04

8.34465E-06," ",2.38061E-04," ",3.576279E-06," ",1.733303E-04

7.033348E-06," ",2.144575E-04," ",4.291534E-06," ",1.554489E-04

6.437302E-06," ",9.417534E-05," ",5.00679E-06," ",6.723404E-05

5.602837E-06," ",6.532669E-05," ",7.390976E-06," ",5.364418E-05

5.245209E-06," ",1.914501E-04," ",9.059906E-06," ",1.528263E-04

4.410744E-06," ",2.276897E-04," ",1.001358E-05," ",1.821518E-04

4.172325E-06," ",1.59502E-04," ",9.298325E-06," ",1.289845E-04

2.861023E-06," ",2.074242E-05," ",6.67572E-06," ",1.549721E-05

1.788139E-06," ",1.255274E-04," ",1.907349E-06," ",1.091957E-04

4.768372E-07," ",2.118349E-04," ",6.198883E-06," ",1.859665E-04

2.980232E-06," ",2.006292E-04," ",1.28746E-05," ",1.80006E-04

5.960464E-06," ",9.894371E-05," ",2.002716E-05," ",9.10759E-05

8.106232E-06," ",4.577637E-05," ",2.479553E-05," ",4.267693E-05

1.001358E-05," ",1.678467E-04," ",2.479553E-05," ",1.604557E-04

1.001358E-05," ",2.119541E-04," ",2.121925E-05," ",2.07901E-04

8.821487E-06," ",1.587868E-04," ",1.478195E-05," ",1.61171E-04

5.00679E-06," ",3.361702E-05," ",6.914139E-06," ",3.647804E-05
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