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Sobolev orthogonal functions on the grid,

generated by discrete orthogonal functions and

the Cauchy problem for the di�erence equation

We consider the system of functions ψr,n(x) (r = 1, 2, . . . , n = 0, 1, . . .)
orthonormal on Sobolev with respect to the inner product of the form 〈f, g〉 =∑r−1

k=0 ∆kf(0)∆kg(0)+
∑∞

j=0 ∆rf(j)∆rg(j)ρ(j), generated by a given orthonor-
mal system of functions ψn(x) (n = 0, 1, . . .). It is shown that the Fourier
series and Fourier sums by the system ψr,n(x) (r = 1, 2, . . . , n = 0, 1, . . .) are
convenient and a very e�ective tool for the approximate solution of the Cauchy
problem for di�erence equations.
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íîé îðòîíîðìèðîâàííîé ñèñòåìîé ôóíêöèé ψn(x) (n = 0, 1, . . .). Ïîêàçàíî,
÷òî ðÿäû è ñóììû Ôóðüå ïî ñèñòåìå ψr,n(x) (r = 1, 2, . . . , n = 0, 1, . . .) ÿâ-
ëÿþòñÿ óäîáíûì è âåñüìà ýôôåêòèâíûì èíñòðóìåíòîì ïðèáëèæåííîãî
ðåøåíèÿ çàäà÷è Êîøè äëÿ ðàçíîñòíûõ óðàâíåíèé.
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ïðîöåññ äëÿ ïðèáëèæåííîãî ðåøåíèÿ ðàçíîñòíûõ óðàâíåíèé.

Introduction

We continue the consideration of systems of discrete functions begun in [1] and

[2], orthogonal with respect to the Sobolev-type inner products of the following form

〈f, g〉 =

r−1∑
k=0

∆kf(0)∆kg(0) +

∞∑
j=0

∆rf(j)∆rg(j)ρ(j), (0.1)

where functions f and g are de�ned on the set Ω = {0, 1, . . . , }, ρ = ρ(j) (j ∈ Ω) �

discrete weight function. In the case when r = 0 we assume that
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∑r−1
k=0 ∆kf(0)∆kg(0) = 0. For r > 1, the singular point in the inner product

(0.1) is x = 0, in vicinity of which it is ¾controlled¿ the behavior of corresponding

functions, orthogonal on Sobolev. This is achieved by presence in the inner product

(0.1) of the expression
∑r−1
k=0 ∆kf(0)∆kg(0). The interest to similar systems of

functions intensive growing lately (see [1] � [18] and the literature cited there).

This is explained, among other things, by the fact that Sobolev orthogonal functions

turned out to be a convenient tool for solving boundary-value problems of di�erential

and di�erence equations. In this work (see Section 2) we show that systems of

discrete functions orthonormal on Sobolev can be used for approximate the solution

of di�erence equations (including nonlinear ones) in the form of series by functions

orthogonal on Sobolev. The main idea of the approach under consideration is to

construct an iterative process for the approximate determination of the unknown

coe�cients of the indicated decomposition of the desired solution of the di�erence

equation. In proving the convergence of the constructed iterative process, a crucial

role is played by the properties of functions orthonormal on Sobolev and generated

by a given orthonormal system of functions ψn(x) (n = 0, 1, . . .).

1. Systems of discrete functions orthonormal on

Sobolev, generated by orthonormal system of functions

We need some notions and results from the work [1], in which systems of discrete

functions orthonornal on Sobolev with respect to the inner product (0.1), generated

by the system {ψk(x)}∞k=0 orthonormal on the discrete set Ω = {0, 1, . . .} with

weight ρ(x) are considered. For the integer k > 0 we assume that a[k] = a(a −
1) · · · (a− k + 1), a[0] = 1 and consider the following function

ψr,k(x) =
x[k]

k!
, k = 0, 1, . . . , r − 1, (1.1)

ψr,k(x) =

 1
(r−1)!

x−r∑
t=0

(x− 1− t)[r−1]ψk−r(t), r 6 x,

0, x = 0, 1, . . . , r − 1,

(1.2)

which are de�ned on the grid Ω. Consider some important di�erence properties of

the system functions ψr,k(x), de�ned by the equalities (1.1) and (1.2). We introduce

the operator of �nite di�erence ∆f : ∆f(x) = f(x+ 1)− f(x) and put ∆ν+1f(x) =

∆∆νf(x). The following assertion, established in [1], we will cite together with its

brief proof.

Lemma 1. The following equalities hold

∆νψr,k(x) =


ψr−ν,k−ν(x), if 0 6 ν 6 r − 1, r 6 k,

ψk−r(x), if ν = r 6 k,

ψr−ν,k−ν(x), if ν 6 k < r,

0, if k < ν 6 r.

(1.3)

Proof. The truth of the lemma 1 when r = 1 is almost obvious, therefore

we assume that r > 2. First of all note that if f(x) = (x − 1 − t)[r−1], then
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∆f(x) = (r − 1)(x− 1− t)[r−2], therefore for r 6 x, k due to (1.2) we have

∆ψr,k(x) =
1

(r − 1)!

(
x−r+1∑
t=0

(x− t)[r−1]ψk−r(t)−
x−r∑
t=0

(x− 1− t)[r−1]ψk−r(t)

)
=

1

(r − 1)!

x−r+1∑
t=0

(
(x− t)[r−1] − (x− 1− t)[r−1]

)
ψk−r(t) =

1

(r − 2)!

x−r+1∑
t=0

(x− 1− t)[r−2]ψk−1−(r−1)(t) = ψr−1,k−1(x).

Hence we verify the validity of the �rst of equalities (1.3) for r 6 x. The validity

of equality ∆ψr,k(x) = ψr−1,k−1(x) for x = 0, 1, . . . , r − 2 is obvious. It remains to

verify the �rst of the equalities (1.3) for x = r − 1. But in this case we have

∆ψr,k(x) = ψr,k(x+ 1) =
1

(r − 1)!

x−r+1∑
t=0

(x− t)[r−1]ψk−r(t) =

(r − 1)[r−1]

(r − 1)!
ψk−r(0) = ψk−r(0),

ψr−1,k−1(x) =
1

(r − 2)!

x−r+1∑
t=0

(x− 1− t)[r−2]ψ(k−1)−(r−1)(t) =

(r − 2)[r−2]

(r − 2)!
ψk−r(0) = ψk−r(0),

therefore we �nd again ∆ψr,k(x) = ψr−1,k−1(x). Thus, the �rst of the equalities

(1.3) for 0 6 ν 6 1 is completely proved. Its validity for 2 6 ν 6 r− 1 we derive by

induction. Consider the second of the equalities (1.3). Due to the proved the �rst

equality (1.3) and the fact that the second of them for r = 1 is easily veri�ed, we

have

∆rψr,k(x) = ∆∆r−1ψr,k(x) = ∆ψ1,k−r+1(x) = ψk−r(x).

Thus we proved the second of the equalities (1.3). The third and the fourth of the

equalities (1.3) follow directly from (1.1). Lemma 1 is fully proved.

We will call the system of functions ψr,k(t) (k = 0, 1, . . .) following [1] system,

orthonormal on Sobolev with respect to the inner product (0.1).

Let r � natural number. We denote by lρ the space of functions f , given on the

grid Ω = {0, 1, . . .} such that
∑
x∈Ω f

2(x)ρ(x) < ∞, W r
lρ

is the space of discrete

functions f , given on the grid Ω for which f(x + ν) ∈ lρ, ν = 0, 1, . . . , r. Then

in the space W r
lρ

the inner product 〈f, g〉 we de�ne using the equation (0.1). We

consider the problem of orthogonality, normality and completeness inW r
lρ
of system

{ψr,k(x)}∞k=0, consisting of functions, de�ned by the equalities (1.1) and (1.2).

Theorem 1. Suppose that functions ψk(x) (k = 0, 1, . . .) form a complete in

lρ orthonormal system with weight ρ(x). Then system {ψr,k(x)}∞k=0, generated by

the system {ψk(x)}∞k=0 by the equalities (1.1) and (1.2) is complete in W r
lρ

and

orthonormal with respect to the inner product (0.1).
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Proof. From equality (1.2) it is follows, that if r 6 k and 0 6 ν 6 r − 1, then

∆νψr,k(x))x=0 = 0 therefore due to (0.1) and (1.3) we have

〈ψr,k, ψr,l〉 =

∞∑
x=0

∆rψr,k(x)∆rψr,l(x)ρ(x) =

∞∑
x=0

ψk−r(x)ψk−l(x)ρ(x) = δkl, k, l > r,

〈ψr,k, ψr,l〉 =
r−1∑
ν=0

∆νψr,k(0)∆νψr,l(0) = δkl, k, l < r.

Also obvious, that

〈ψr,k, ψr,l〉 = 0, if k < r 6 l and l < r 6 k.

It means that functions ψr,k(t) (k = 0, 1, . . .) form in W r
lρ
orthonormal system with

respect to the inner product (0.1). To verify the completeness of this system inW r
lρ
,

we assume that for functions f ∈W r
lρ
the following equalities hold

〈ψr,k, f〉 = 0, k = 0, 1, . . . .

Then, �rst, due to the fact that 0 = 〈ψr,k, f〉 = ∆kf(0) for k = 0, . . . , r− 1 we have

f(j) = 0 for all j = 0, . . . , r − 1. Second, from the equalities 〈ψr,k, f〉 = 0, k =

r, r + 1, . . . and the completeness in lρ of the original system ψk(t) (k = 0, 1, . . .)

follows that ∆rf(x) ≡ 0 (x ∈ Ω) and therefore f coincides with the algebraic

polynomial degree not higher than r−1. From these two facts follows that f(x) ≡ 0

(x ∈ Ω). The theorem is proved.

From Theorem 1 follows that system of discrete functions ψr,k(t) (k = 0, 1, . . .)

is orthonormal basis (ONB) in the space W r
lρ
, therefore for the arbitrary function

f(x) ∈W r
lρ
we can write the equality

f(x) =

∞∑
k=0

〈f, ψr,k〉ψr,k(x), (1.4)

which is the Fourier series of the function f(x) ∈ W r
lρ
by the system {ψr,k(t)}∞k=0,

orthonormal on Sobolev. Since the Fourier coe�cients 〈f, ψr,k〉 are of the form

fr,k = 〈f, ψr,k〉 =

r−1∑
ν=0

∆νf(0)∆νψr,k(0) = ∆kf(0), k = 0, . . . , r − 1,

fr,k = 〈f, ψr,k〉 =

∞∑
j=0

∆rf(j)∆rψr,k(j)ρ(j) =

∞∑
j=0

∆rf(j)ψk−r(j)ρ(j), k = r, . . . ,
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then we can write the (1.4) in mixed form

f(x) =

r−1∑
k=0

∆kf(0)
x[k]

k!
+

∞∑
k=r

fr,kψr,k(x). (1.5)

Therefore Fourier series by the system {ψr,k(t)}∞k=0 following [9] � [17] we will call

mixed series by the original orthonormal system {ψk(t)}∞k=0.

Theorem 2. Suppose that functions ψk(x) (k = 0, 1, . . .) form a complete in lρ
orthonormal system with weight ρ(x). Then if f(x) ∈ W r

lρ
the mixed series (1.5)

converges pointwise x ∈ {0, 1, . . .} to f(x).

Proof. From the fact that f(x) ∈W r
lρ
follows that the function g(t) = ∆rf(t) ∈

lρ, therefore due to of the completeness in lρ of the system {ψk(x)} there is an

expansion in a series g(t) =
∑∞
k=0 fr,k+rψk(t), which converges in the metric of the

space lρ, and hence, in turn, follows that this series converges pointwise t ∈ Ω to

g(t).

On the other hand, we use the discrete analog of the Taylor formula

f(x) = Qr−1(f, x) +
1

(r − 1)!

x−r∑
t=0

(x− 1− t)[r−1]∆rf(t), (1.6)

where

Qr−1(f, x) = f(0) +
∆f(0)

1!
x+

∆2f(0)

2!
x[2] + . . .+

∆r−1f(0)

(r − 1)!
x[r−1].

Substituting in (1.6) instead of the function ∆rf(t) its expansion g(t) =∑∞
k=0 fr,k+rψk(t). This gives

f(x) = Qr−1(f, x) +
1

(r − 1)!

x−r∑
t=0

(x− 1− t)[r−1]
∞∑
k=0

fr,k+rψk(t).

Hence, by interchanging summation signs, we �nd

f(x) = Qr−1(f, x) +

∞∑
k=0

fr,k+r
1

(r − 1)!

x−r∑
t=0

(x− 1− t)[r−1]ψk(t) =

Qr−1(f, x) +

∞∑
k=0

fr,k+rψr,k+r(x) =

r−1∑
k=0

∆kf(0)
x[k]

k!
+

∞∑
k=r

fr,kψr,k(x), x ∈ Ω.

As was to be shown.

We note some important properties of mixed series (1.5) and their partial sums

of the form

Yr,n(f, x) =

r−1∑
k=0

∆kf(0)
x[k]

k!
+

n∑
k=r

fr,kψr,k(x). (1.7)



34 I. I. SHARAPUDINOV, Z.D. GADZHIEVA, R.M. GADZHIMIRZAEV

From (1.5) and (1.7) taking into account equalities (1.3) we may write (0 6 ν 6 r−1,

x ∈ Ω )

∆νf(x) =

r−ν−1∑
k=0

∆k+νf(0)
x[k]

k!
+

∞∑
k=r−ν

fr,k+νψr−ν,k(x),

∆νYr,n(f, x) =

r−ν−1∑
k=0

∆k+νf(0)
x[k]

k!
+

n−ν∑
k=r−ν

fr,k+νψr−ν,k(x),

∆νYr,n(f, x) = Yr−ν,n−ν(∆νf, x).

2. On the representation of solution of the di�erence

equation as Fourier series by functions ψr,n(x)

In this section, we consider the problem of �nding an approximate solution of

a di�erence equation by Fourier sums on the system {ψr,n(x)}∞n=0, orthonormal

on Sobolev and generated by orthonormal system of function {ψn(x)}∞n=0 derived

by equalities (1.1) and (1.2). Similar method in case when functions {ψn(x)}N−1
n=0

are orthogonal on �nite grid 0, 1, ..., N − 1 was developed in paper [19]. The results

obtained below (Theorem 3) can be generalized to systems of di�erence equations of

the form ∆y(x) = hf(x, y), y(0) = y0, where f = (f1, . . . , fm), y = (y1, . . . , ym).

But for simplicity of calculations, we consider a problem of the form

(∆y(x) = y(x+ 1)− y(x))

∆y(x) = hf(x, y), y(0) = y0, h > 0, (2.1)

in which the function f(x, y) is assumed to be given on the Cartesian product Ω×R
and bounded on it, that is M(f) = sup(x,y)∈Ω×R |f(x, y)| < ∞. It is required to

approximate with a given accuracy the function y = y(x) de�ned on Ω, which is

the solution of the problem (2.1).

We suppose that the system {ψn(x)}∞n=0 satis�es the conditions of Theorem 1,

and the generated system {ψ1,n(x)}∞n=0 to the condition

δψ(x) =

∞∑
k=1

(ψ1,k(x))2 <∞ (x ∈ Ω), (2.2)

the positive weight function ρ(x) and some given nonnegative function γ(x) satisfy

conditions

∑∞

x=0
ρ(x) <∞, κψ =

( ∞∑
t=0

∞∑
k=1

(ψ1,k(t))2ρ(t)γ(t)

) 1
2

<∞. (2.3)

Since, by hypothesis, the function f(x, y) is bounded on the set Ω × R, then from

the equality (2.1) and the �rst inequality (2.3) follows that

∞∑
x=0

(∆y(x))2ρ(x) <∞
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and, consequently, y(x) ∈ W 1
lρ
. Therefore, by Theorem 2, we can represent y(x) in

the form of a convergent series

y(x) = y(0) +
∑∞

k=0
y1,k+1ψ1,k+1(x), x ∈ Ω. (2.4)

where

y1,k+1 =

∞∑
t=0

∆y(t)ψk(t)ρ(t) (k > 0) (2.5)

� the Fourier coe�cients of the function g(t) = ∆y(t) by the system {ψk(x)}. Given
(2.5), we can write

∆y(x) =
∑∞

k=0
y1,k+1ψk(x), x ∈ Ω.

Moreover, taking (2.1) into account, the last equality can be written in such form

q(x) = f(x, y(x)) =
1

h
∆y(x) =

∑∞

k=0
ck(q)ψk(x), x ∈ Ω,

where

ck(q) =
1

h
y1,k+1 =

∞∑
t=0

f(t, y(t))ψk(t)ρ(t) (k > 0). (2.6)

Using (2.6), we can rewrite the equality (2.4) as follows

y(x) = y(0) + h
∑∞

k=0
ck(q)ψ1,k+1(x), x ∈ Ω. (2.7)

In the equality (2.6) we replace y(t) by (2.7) and write

ck(q) =

∞∑
t=0

f
[
t, y(0) + h

∑∞

j=0
cj(q)ψ1,j+1(t)

]
ψk(t)ρ(t) k = 0, 1, . . . . (2.8)

To �nd approximate values of the coe�cients ck(q) (k = 0, 1, . . .) we construct

an iterative process. We introduce the Hilbert space l2 consisting of the sequences

C = (c0, c1, . . .) for which ‖C‖ =
(∑∞

j=0 c
2
j

) 1
2

. In the space l2 consider the operator

A, which matches a point C ∈ l2 to point C
′ ∈ l2 by the rule

c′k =

∞∑
t=0

f
[
t, y(0) + h

∑∞

j=0
cjψ1,j+1(t)

]
ψk(t)ρ(t) k = 0, 1, . . . . (2.9)

From (2.8) it follows that the point C(q) = (c0(q), c1(q), . . .) is a �xed point of

the operator A : l2 → l2. In order to �nd this point by the �xed point iteration

method, it su�ces to show that the operator A : l2 → l2 is a contraction in the

metric of l2. To this end we consider two points P,Q ∈ l2, where P = (p0, p1, . . .),

Q = (q0, q1, . . .) and let us assume P ′ = A(P ), Q′ = A(Q). We have

p′k − q′k =

∞∑
t=0

FP,Q(t)ψk(t)ρ(t)dt, k = 0, 1, . . . (2.10)
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where

FP,Q(t) = f
[
t, y(0) + h

∑∞

j=0
pjψ1,j+1(t)

]
− f

[
t, y(0) + h

∑∞

j=0
qjψ1,j+1(t)

]
. (2.11)

From (2.10), using Bessel's inequality, we �nd

∑∞

k=0
(p′k − q′k)2 6

∞∑
t=0

(FP,Q(t))2ρ(t). (2.12)

Suppose that the function f(x, y) satis�es the Lipschitz condition by the variable y

|f(x, y′)− f(x, y′′)| 6
√
γ(x)λ|y′ − y′′|, x ∈ Ω, (2.13)

where γ(x) � function for which the inequality (2.3) holds. From (2.11) and (2.13)

we have

(FP,Q(t))2 6 (λh)2γ(t)
(∑∞

j=0
(pj − qj)ψ1,j+1(t)

)2

,

from which, using the Cauchy�Bunyakovsky inequality and the condition (2.2), we

derive

(FP,Q(t))2 6 (λh)2γ(t)
∑∞

j=0
(pj − qj)2

∑∞

j=0
(ψ1,j+1(t))2. (2.14)

Gathering (2.14) with (2.12), we �nd∑∞

k=1
(p′k−q′k)2 6 (λh)2

∑∞

k=0
(pk−qk)2

∑∞

t=0

∑∞

j=0
(ψ1,j+1(t))2ρ(t)γ(t). (2.15)

From (2.15) and (2.3) we have(∑∞

k=0
(p′k − q′k)2

) 1
2

6 κψλh
(∑∞

k=0
(pk − qk)2

) 1
2

. (2.16)

The inequality (2.16) shows that if κψλh < 1, then the operator A : l2 → l2 is a

contraction and as the consequence, the iterative process Cν+1 = A(Cν) converges

to the point C(q) as ν → ∞. However, in applications it is important to consider

the �nite-dimensional analogue of the operator A. We consider the operator AN :

RN → RN , which matches a point CN = (c0, . . . , cN−1) ∈ RN to point C ′N =

(c′0, . . . , c
′
N−1) ∈ RN by the rule

c′k =

∞∑
t=0

f

[
t, y(0) + h

∑N−1

j=0
cjψ1,j+1(t)

]
ψk(t)ρ(t), k = 0, 1, . . . , N − 1. (2.17)

Consider two points PN , QN ∈ RN , where PN = (p0, p1, . . . , pN−1), QN =

(q0, q1, . . . , qN−1) and let us assume P ′N = AN (PN ), Q′N = AN (QN ). Repeating

verbatim the arguments that led us to the inequality (2.16), we get(∑N−1

k=0
(p′k − q′k)2

) 1
2

6 κψλh

(∑N−1

k=0
(pk − qk)2

) 1
2

. (2.18)
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The inequality (2.18) shows that if κψλh < 1, then the operator AN : RN → RN
is a contraction and as the consequence, the iterative process Cν+1

N = AN (CνN )

converges to its �xed point, which we denote by C̄N (q) = (c̄0(q), . . . , c̄N−1(q)) . On

the other hand, consider the point CN (q) = (c0(q), . . . , cN−1(q)), composed of the

desired Fourier coe�cients of the function q by the system {ψk}.
It remains for us to estimate the error that arises when CN (q) is replaced by

C̄N (q). In other words, it is required to estimate the value of ‖CN (q)− C̄N (q)‖N =(∑N−1
j=0 (cj(q)− c̄j(q))2

) 1
2

. To this end we consider the point C ′N (q) = AN (CN (q)) =

(c′0(q), . . . , c′N−1(q)) and write

‖CN (q)− C̄N (q)‖N 6 ‖CN (q)− C ′N (q)‖N + ‖C ′N (q)− C̄N (q)‖N . (2.19)

Further, using the inequality (2.18), we have

‖C ′N (q)− C̄N (q)‖N = ‖AN (CN (q))−AN (C̄N (q))‖N 6

κψλh‖CN (q)− C̄N (q)‖N . (2.20)

From (2.19) and (2.20) we deduce

‖CN (q)− C̄N (q)‖N 6
1

1− κψλh
‖CN (q)− C ′N (q)‖N . (2.21)

To estimate the norm on the right-hand side of the inequality (2.21), we note that,

due to the Bessel inequality

‖CN (q)− C ′N (q)‖2N 6
∞∑
t=0

(FC(q),CN (q)(t))
2ρ(t), (2.22)

where

FC(q),CN (q)(t) = f
[
t, y(0) + h

∑∞

j=0
cj(q)ψ1,j+1(t)

]
− f

[
t, y(0) + h

∑N−1

j=0
cj(q)ψ1,j+1(t)

]
.

From (2.22) and (2.13) follows that

(FC(q),CN (q)(t))
2 6 λ2γ(t)

(∑∞

j=N
hcj(q)ψ1,j+1(t)

)2

,

hence taking into account (2.6) we have

(FC(q),CN (q)(t))
2 6 λ2γ(t)

(∑∞

j=N
y1,j+1ψ1,j+1(t)

)2

. (2.23)

Gathering (2.23) with (2.22), we get

‖CN (q)− C ′N (q)‖2N 6 λ2
∞∑
t=0

(∑∞

j=N
y1,j+1ψ1,j+1(t)

)2

ρ(t)γ(t). (2.24)

Summarizing, we can derive the following result from (2.21) and (2.24).
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Theorem 3. Suppose function f(x, y) is de�ned and bounded on the Cartesian

product Ω × R and satis�es the Lipschitz condition (2.13), h and λ satisfy the

inequality hλκψ < 1, where κψ is de�ned by the equality (2.3). Let l2 be the

Hilbert space consisting of the sequences C = (c0, c1, . . .), for which norm ‖C‖ =(∑∞
j=0 c

2
j

) 1
2

, the operator A : l2 → l2 which matches a point C ∈ l2 to point

C ′ ∈ l2 by the rule (2.9). Moreover, let AN : RN → RN � the �nite-dimensional

analogue of the operator A which matches a point CN = (c0, . . . , cN ) ∈ RN to

point C ′N = (c′0, . . . , c
′
N ) ∈ RN by the rule (2.17). Then operators A : l2 → l2

and AN : RN → RN are contractions and consequently there are �xed points

C(q) = (c0(q), c1(q), . . .) = A(C(q)) ∈ l2 and C̄N (q) = (c̄0(q), c̄0(q), . . . , c̄N (q)) =

AN (C̄N (q)) ∈ RN , for which the following inequality holds

‖CN (q)− C̄N (q)‖N 6
λσψN (y)

1− hκψλ
,

where

σψN (y) =

( ∞∑
t=0

(∑∞

j=N+1
y1,jψ1,j(t)

)2

ρ(t)γ(t)

) 1
2

,

but CN (q) = (c0(q), . . . , cN−1(q)) � is a �nite sequence consisting of the �rst N

components of the point C(q), and due to (2.6) also the equality hold hCN (q) =

(y1,1, y1,2, . . . , y1,N ).
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