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Ðåêóððåíòíûå ôîðìóëû äëÿ ïîëèíîìîâ ×åáûøåâà,

îðòîíîðìèðîâàííûõ íà ðàâíîìåðíûõ ñåòêàõ

Ðàññìîòðåíû ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ êëàññè÷åñêèõ ïîëèíîìîâ

×åáûøåâà
{
τα,βn (x,N)

}N−1

n=0
, îáðàçóþùèõ êîíå÷íóþ îðòîíîðìèðîâàííóþ

ñèñòåìó íà ðàâíîìåðíîé ñåòêå ΩN = {0, 1, . . . , N − 1} ñ âåñîì µα,βN (x) =

c Γ(x+β+1)Γ(N−x+α)
Γ(x+1)Γ(N−x)

, ãäå c = Γ(N)2α+β+1

Γ(N+α+β+1)
, α, β > −1. Îñîáîå âíèìàíèå óäå-

ëåíî íàèáîëåå óïîòðåáèòåëüíûì ñëó÷àÿì: α = β; α = β = 0; α = β = ±1/2
è íåêîòîðûì äðóãèì. Ïðè äîêàçàòåëüñòâå ðåêóððåíòíûõ ôîðìóë ñóùå-
ñòâåííî èñïîëüçóþòñÿ õîðîøî èçâåñòíûå ñâîéñòâà ðàññìàòðèâàåìûõ ïîëè-
íîìîâ ×åáûøåâà, òàêèå êàê ñâîéñòâî îðòîãîíàëüíîñòè, ðàçíîñòíûå ñâîé-
ñòâà è ñâÿçü ñ îáîáùåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé.

Áèáëèîãðàôèÿ: 7 íàçâàíèé.

We consider recurrence relations for the classical Chebyshev polynomials{
τα,βn (x,N)

}N−1

n=0
, forming a �nite orthonormal system on a uniform

grid ΩN = {0, 1, . . . , N − 1} with weight µα,βN (x) = c Γ(x+β+1)Γ(N−x+α)
Γ(x+1)Γ(N−x)

,

where c = Γ(N)2α+β+1

Γ(N+α+β+1)
, α, β > −1. Special attention is paid to the most

commonly used cases: α = β; α = β = 0; α = β = ±1/2 and several others. In
the proof of recurrence formulas we substantially use the well-known properties
of the considered Chebyshev polynomials such as the orthogonality property,
di�erence properties and the connection with the generalized hypergeometric
function.
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Ââåäåíèå

Êëàññè÷åñêèå ïîëèíîìû ×åáûøåâà, îðòîãîíàëüíûå íà ðàâíîìåðíîé ñåòêå

ΩN = {0, 1, . . . , N − 1}, âïåðâûå áûëè ââåäåíû è èññëåäîâàíû â ðàáîòàõ Ï.Ë.

×åáûøåâà [1�3] â ñâÿçè ñ çàäà÷åé îáðàáîòêè íàáëþäåíèé ìåòîäîì íàèìåíüøèõ

êâàäðàòîâ. Òåîðèÿ ýòèõ ïîëèíîìîâ ïîëó÷èëà äàëüíåéøåå ðàçâèòèå â ðàáî-

òàõ ìíîãî÷èñëåííûõ àâòîðîâ è íàøëà âàæíûå ïðèëîæåíèÿ â òàêèõ îáëàñòÿõ

êàê âû÷èñëèòåëüíàÿ ìàòåìàòèêà, êâàíòîâàÿ ìåõàíèêà, òåîðèÿ ïðåäñòàâëåíèé

ãðóïï, ìàòåìàòè÷åñêàÿ áèîëîãèÿ è ìíîãèõ äðóãèõ (ñì. [4�7] è öèòèðîâàííóþ

òàì ëèòåðàòóðó).

c© Ì.Ñ. Ñóëòàíàõìåäîâ, 2017
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Â ïîñëåäíåå âðåìÿ ïîëèíîìû ×åáûøåâà äèñêðåòíîé ïåðåìåííîé ÷àñòî ïðè-

ìåíÿþòñÿ â òàêèõ çàäà÷àõ êàê îáðàáîòêà è ñæàòèå âðåìåííûõ ðÿäîâ. Ïðè

ýòîì âàæíîå çíà÷åíèå èìåþò óñòîé÷èâûå ìåòîäû âû÷èñëåíèÿ çíà÷åíèé ïîëè-

íîìîâ ×åáûøåâà êàê â óçëàõ ðàâíîìåðíîé ñåòêè, íà êîòîðîé îíè îáðàçóþò

îðòîãîíàëüíóþ ñèñòåìó, òàê è â çàäàííîé òî÷êå ÷èñëîâîé îñè. Îäíèì èç ýô-

ôåêòèâíûõ èíñòðóìåíòîâ ðåøåíèÿ ýòîé çàäà÷è ÿâëÿþòñÿ ðåêóððåíòíûå ñîîò-

íîøåíèÿ, êîòîðûì îíè óäîâëåòâîðÿþò. Îäíàêî ìû íå ìîæåì óêàçàòü íè îäíîãî

ëèòåðàòóðíîãî èñòî÷íèêà, â êîòîðîì áû â óäîáíîì äëÿ ïðèìåíåíèÿ âèäå áûëè

ïðåäñòàâëåíû ðàçíîîáðàçíûå ðåêóððåíòíûå ôîðìóëû äëÿ ýòèõ ïîëèíîìîâ. Â

íàñòîÿùåé ñòàòüå ïðåäïðèíÿòà ïîïûòêà óñòðàíèòü ýòîò ïðîáåë è ïðåäñòàâèòü

áîëåå èëè ìåíåå ïîëíûé ïåðå÷åíü ðåêóððåíòíûõ ôîðìóë äëÿ îðòîíîðìèðîâàí-

íûõ ïîëèíîìîâ ×åáûøåâà
{
τα,βn (x,N)

}N−1

n=0
, îáðàçóþùèõ êîíå÷íóþ îðòîíîðìè-

ðîâàííóþ ñèñòåìó íà ðàâíîìåðíîé ñåòêå ΩN = {0, 1, . . . , N − 1} ñ âåñîì

µα,βN (x) =
Γ(N)2α+β+1

Γ(N + α+ β + 1)

Γ(x+ β + 1)Γ(N − x+ α)

Γ(x+ 1)Γ(N − x)
. (0.1)

Îñîáîå âíèìàíèå óäåëåíî íàèáîëåå óïîòðåáèòåëüíûì ñëó÷àÿì: α = β; α = β =

0; α = β = ±1/2 è íåêîòîðûì äðóãèì.

1. Íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ ×åáûøåâà,

îðòîãîíàëüíûõ íà ðàâíîìåðíûõ ñåòêàõ

Ñëåäóÿ [5], ÷åðåç Tα,βn (x,N) îáîçíà÷èì ïîëèíîìû ×åáûøåâà, îïðåäåëÿåìûå

ðàâåíñòâîì

Tα,βn (x,N) = (−1)n
Γ(n+ β + 1)

n!

n∑
k=0

(−1)k
n[k](n+ α+ β + 1)kx

[k]

Γ(k + β + 1)k!(N − 1)[k]
; (1.1)

çäåñü a[0] = 1, a[n] = a(a−1) . . . (a−n+1); (a)0 = 1, (a)n = a(a+1) . . . (a+n−1).

Ïðè α, β > −1 ïîëèíîìû Tα,βn (x,N) (0 6 n 6 N − 1) îáðàçóþò íà ΩN
îðòîãîíàëüíóþ ñèñòåìó ñ âåñîì µα,βN (x), ò.å.

N−1∑
x=0

Tα,βn (x,N)Tα,βm (x,N)µα,βN (x) = δn,mh
α,β
n,N , 0 6 n,m 6 N − 1,

ãäå δn,m � ñèìâîë Êðîíåêåðà,

hα,βn,N =
(N + n+ α+ β)[n]

(N − 1)[n]
Γ(n+ α+ 1)Γ(n+ β + 1)2α+β+1

n!Γ(n+ α+ β + 1)(2n+ α+ β + 1)
, (1.2)

ïðè÷åì ïðè n = 0 â ïîñëåäíåì âûðàæåíèè ïðîèçâåäåíèå (α+β+ 1)Γ(α+β+ 1)

íåîáõîäèìî çàìåíèòü íà Γ(α+ β + 2).

Èçâåñòíî (ñì. [5; � 3.4]), ÷òî ïîëèíîìû ×åáûøåâà Tα,βn (x,N) óäîâëåòâîðÿþò

ñëåäóþùèì ðåêóððåíòíûì ñîîòíîøåíèÿì:

Tα,β0 (x,N) = 1, Tα,β1 (x,N) = x(α+ β + 2)/(N − 1)− β − 1, (1.3)

Tα,βn (x,N) = (κα,βn x− σα,βn )Tα,βn−1(x,N)− να,βn Tα,βn−2(x,N), (n > 2), (1.4)
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ãäå

κα,βn =
(2n+ α+ β − 1)(2n+ α+ β)

n(n+ α+ β)(N − n)
, (1.5)

σα,βn = κα,βn

(
(β2 − α2)(α+ β + 2N)

4(2n+ α+ β − 2)(2n+ α+ β)
+
α− β + 2N − 2

4

)
, (1.6)

να,βn =
(n+ α− 1)(n+ β − 1)(2n+ α+ β)(N + n+ α+ β − 1)

n(n+ α+ β)(2n+ α+ β − 2)(N − n)
. (1.7)

2. Îðòîíîðìèðîâàííûå ïîëèíîìû τα,βn (x,N)

Äëÿ âñåõ 0 6 n 6 N − 1 ïîëîæèì

τα,βn (x) = τα,βn (x,N) =
[
hα,βn,N

]−1/2

Tα,βn (x,N). (2.1)

Î÷åâèäíî, ÷òî ïîëèíîìû τα,βn (x,N) (0 6 n 6 N − 1) îáðàçóþò îðòîíîðìèðî-

âàííóþ ñ âåñîì (0.1) ñèñòåìó íà ΩN :

N−1∑
x=0

τα,βn (x,N)τα,βm (x,N)µα,βN (x) = δn,m. (2.2)

Èç (1.3) è (2.1) íàõîäèì ïåðâûå äâà îðòîíîðìèðîâàííûõ ïîëèíîìà:

τα,β0 (x,N) = 2−
α+β+1

2

[
Γ(α+ β + 2)

Γ(α+ 1)Γ(β + 1)

] 1
2

=
[
2α+β+1B(α+ 1, β + 1)

]− 1
2 ,

(2.3)

τα,β1 (x,N) =

[
(α+ β + 2)(N − 1)

2α+β+1(N + α+ β + 1)

Γ(α+ β + 4)

Γ(α+ 2)Γ(β + 2)

] 1
2
[

x

N − 1
− β + 1

α+ β + 2

]

=

[
2α+β+1B(α+ 2, β + 2)

N + α+ β + 1

(N − 1)(α+ β + 2)

]− 1
2
[

x

N − 1
− β + 1

α+ β + 2

]
, (2.4)

ãäå B(x, y) � áåòà-ôóíêöèÿ Ýéëåðà. Åñëè æå n > 2, òî èç (1.2), (1.4) è (2.1)

èìååì: [
hα,βn,N

] 1
2

τα,βn (x,N) =

(κα,βn x− σα,βn )
[
hα,βn−1,N

] 1
2

τα,βn−1(x,N)− να,βn

[
hα,βn−2,N

] 1
2

τα,βn−2(x,N),

èëè

τα,βn (x,N) =[hα,βn−1,N

hα,βn,N

] 1
2

κα,βn x−

[
hα,βn−1,N

hα,βn,N

] 1
2

σα,βn

 τα,βn−1(x,N)−

[
hα,βn−2,N

hα,βn,N

] 1
2

να,βn . (2.5)

Ïóñòü ñíà÷àëà α+ β 6= −1, òîãäà èç (1.2) èìååì

hα,βn−1,N

hα,βn,N
=

N − n
N + n+ α+ β

n(n+ α+ β)

(n+ α)(n+ β)

2n+ α+ β + 1

2n+ α+ β − 1
,
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hα,βn−2,N

hα,βn,N
=

N − n
N + n+ α+ β

N − n+ 1

N + n+ α+ β − 1

(n− 1)(n+ α+ β)

(n+ α)(n+ α− 1)
·

n(n+ α+ β − 1)

(n+ β)(n+ β − 1)

2n+ α+ β + 1

2n+ α+ β − 3
.

Èñïîëüçóÿ òåïåðü (1.5)�(1.7), ìû ìîæåì ïåðåïèñàòü âûðàæåíèå (2.5) â ñëåäó-

þùåì âèäå:

τα,βn (x,N) = (κ̂α,βn x− σ̂α,βn )τα,βn−1(x,N)− ν̂α,βn τα,βn−2(x,N), (2.6)

ãäå

κ̂α,βn = (2n+ α+ β)

[
(2n+ α+ β − 1)(2n+ α+ β + 1)

n(n+ α)(n+ β)(n+ α+ β)(N + n+ α+ β)(N − n)

] 1
2

,

(2.7)

σ̂α,βn =
κ̂α,βn

4

(
(β2 − α2)(2N + α+ β)

(2n+ α+ β)(2n+ α+ β − 2)
+ 2(N − 1) + α− β

)
, (2.8)

ν̂α,βn =
2n+ α+ β

2n+ α+ β − 2

[
N + n+ α+ β − 1

N + n+ α+ β

N − n+ 1

N − n
n− 1

n

n+ α− 1

n+ α
·

n+ β − 1

n+ β

n+ α+ β − 1

n+ α+ β

2n+ α+ β + 1

2n+ α+ β − 3

] 1
2

. (2.9)

Åñëè æå α+ β = −1, òî ðàâåíñòâà (2.6) � (2.9) èìåþò ìåñòî ïðè n > 3. Äëÿ

n = 2 ôîðìóëà (2.6) òàêæå èìååò ìåñòî, ïðè÷åì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ

(2.7) � (2.8) îñòàþòñÿ ïðåæíèìè. ×òî êàñàåòñÿ ðàâåíñòâà (2.9), òî âìåñòî íåãî

ïðè α+ β = −1 äîëæíî áûòü

ν̂α,β2 = 3
√

2

[
N

N + 1

N − 1

N − 2

α+ 1

α+ 2

β + 1

β + 2

] 1
2

, (2.10)

è âîîáùå, ðåêóððåíòíûå ôîðìóëû â ýòîì ñëó÷àå ïðèíèìàþò ñëåäóþùèé, áîëåå

êîìïàêòíûé, âèä, êîòîðûé ìû ðàññìîòðèì â ñëåäóþùåì ïàðàãðàôå.

3. Ðåêóððåíòíûå ñîîòíîøåíèÿ â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ

Ðàññìîòðèì òåïåðü âèä ðåêóððåíòíûõ ñîîòíîøåíèé äëÿ ïîëèíîìîâ

τα,βn (x,N) â íåêîòîðûõ âàæíûõ ÷àñòíûõ ñëó÷àÿõ, âñòðå÷àþùèõñÿ â ïðàêòè-

÷åñêèõ çàäà÷àõ.

1. Ñëó÷àé α+ β = −1. Íóëåâîé ïîëèíîì:

τα,β0 (x,N) =
[
Γ(α+ 1)Γ(β + 1)

]−1/2

=
1

[Γ(α+ 1)Γ(β + 1)]
1
2

.

Ïåðâûé ïîëèíîì ïðèíèìàåò âèä:

τα,β1 (x,N) =

[
2 (N − 1)

N Γ(α+ 2)Γ(β + 2)

] 1
2
[

x

N − 1
+ α

]
.
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Â ñâÿçè ñ îñîáåííîñòüþ, âîçíèêàþùåé â õîäå ïðåîáðàçîâàíèÿ âûðàæåíèÿ (2.5)

ïðè n = 2 (èç-çà íàëè÷èÿ â íåì îòíîøåíèÿ
[
hα,β0,N/h

α,β
2,N

]1/2
), ýòîò ñëó÷àé íåîá-

õîäèìî ðàññìîòðåòü îòäåëüíî. ×òîáû íàéòè âòîðîé ïîëèíîì, ðàññìîòðèì ðå-

êóððåíòíóþ ôîðìóëó (1.4) äëÿ n = 2:

Tα,β2 (x,N) =

(
3(x− α− 1)

N − 2
− α− 2

)
Tα,β1 (x,N)− 3(α+ 1)(β + 1)N

2(N − 2)
Tα,β0 (x,N),

÷òî, ñ ó÷åòîì (1.3), äàåò íàì

Tα,β2 (x,N) =

(
x

N − 1
+ α

)(
3(x+ β)

N − 2
+ β − 1

)
− 3(α+ 1)(β + 1)N

2(N − 2)
.

Èç (2.1) èìååì

τα,β2 (x,N) =
[ (N + 1)[2]

(N − 1)[2]
Γ(α+ 3)Γ(β + 3)

8

]− 1
2

Tα,β2 (x,N),

îòêóäà îêîí÷àòåëüíî ïîëó÷àåì

τα,β2 (x,N) =[
2

Γ(α+ 3)Γ(β + 3)

(N − 1)[2]

(N + 1)[2]

] 1
2
{

2

(
x

N − 1
+ α

)(
3(x+ β)

N − 2
+ β − 1

)
−

−3(α+ 1)(β + 1)
N

N − 2

}
.

È, íàêîíåö, äëÿ ïîëèíîìîâ ñòàðøèõ ñòåïåíåé (n > 3) èìååò ìåñòî ôîðìóëà

τα,βn (x,N) = (κ̂α,βn x− σ̂α,βn )τα,βn−1(x,N)− ν̂α,βn τα,βn−2(x,N), (3.1)

ãäå

κ̂α,βn =
2(2n− 1)√

(n+ α)(n+ β)

[
(N + n− 1)(N − n)

]− 1
2

,

σ̂α,βn =
κ̂α,βn

4

(
(2α+ 1)(2N − 1)

(2n− 1)(2n− 3)
+ 2(N + α)− 1

)
,

ν̂α,βn =
2n− 1

2n− 3

[
N + n− 2

N + n− 1

N − n+ 1

N − n
n+ α− 1

n+ α

n+ β − 1

n+ β

] 1
2

.

Çàìå÷àíèå 1. Äëÿ íàõîæäåíèÿ τα,β2 (x,N) ìîæíî âîñïîëüçîâàòüñÿ òàêæå

ìîäèôèöèðîâàííîé ðåêóððåíòíîé ôîðìóëîé (3.1), â êîòîðîé èçìåíåíî âòîðîå

ñëàãàåìîå â ïðàâîé ÷àñòè ñëåäóþùèì îáðàçîì:

τα,β2 (x,N) = (κ̂α,β2 x− σ̂α,β2 ) τα,β1 (x,N)−
√

2 ν̂α,β2 τα,β0 (x,N).

2. Ñëó÷àé α = β (äèñêðåòíûé àíàëîã óëüòðàñôåðè÷åñêèõ ïîëèíîìîâ). Äëÿ

êðàòêîñòè ââåäåì îáîçíà÷åíèå ταn (x,N) = τα,αn (x,N), òîãäà

τα0 (x,N) =

[
Γ(α+ 3

2 )

Γ(α+ 1)
√
π

] 1
2

,
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τα1 (x,N) =

[
2(N − 1)√

π(N + 2α+ 1)

Γ(α+ 5
2 )

Γ(α+ 1)

] 1
2
[

2x

N − 1
− 1

]
;

ταn (x,N) = καn(2x−N + 1)ταn−1(x,N)− ναn ταn−2(x,N),

καn =

[
4(n+ α)2 − 1

n(n+ 2α)(N + n+ 2α)(N − n)

] 1
2

,

ναn =

[
N + n+ 2α− 1

N + n+ 2α

N − n+ 1

N − n
n− 1

n

n+ 2α− 1

n+ 2α

2n+ 2α+ 1

2n+ 2α− 3

] 1
2

.

Ìû íå îñòàíàâëèâàåìñÿ çäåñü íà îñîáåííîì ñëó÷àå, êîãäà α = β = −1/2, ò.ê.

îí áóäåò ðàññìîòðåí íèæå îòäåëüíî.

3. Ñëó÷àé ¾çåðêàëüíûõ¿ çíà÷åíèé ïàðàìåòðîâ β = −α (−1 < α < 1):

τα,−α0 (x,N) =

[
sinπα

2πα

] 1
2

,

τα,−α1 (x,N) =

[
3 sinπα

2πα(1− α2)

N − 1

N + 1

] 1
2
[

2x

N − 1
+ α− 1

]
;

τα,−αn (x,N) = κα,−αn (2x−N + 1− α)τα,−αn−1 (x,N)− να,−αn τα,−αn−2 (x,N),

ãäå

κα,−αn =

[
4n2 − 1

(n2 − α2)(N2 − n2)

] 1
2

,

να,−αn =

[
N2 − (n− 1)2

N2 − n2
(n− 1)2 − α2

n2 − α2

2n+ 1

2n− 3

] 1
2

.

4. Ñëó÷àé, êîãäà îäèí èç ïàðàìåòðîâ α èëè β îáðàùàåòñÿ â íîëü:

τα,00 (x,N) =

[
α+ 1

2α+1

] 1
2

, τα,01 (x,N) =

[
(α+ 3)(N − 1)

2α+1(N + α+ 1)

] 1
2
[
α+ 2

N − 1
x − 1

]
,

τα,0n (x,N) = (κα,0n x− σα,0n )τα,0n−1(x,N)− να,0n τα,0n−2(x,N),

ãäå

κα,0n =
2n+ α

n(n+ α)

[
(2n+ α− 1)(2n+ α+ 1)

(N + n+ α)(N − n)

] 1
2

,

σα,0n =
κα,0n

4

(
2(N − 1) + α− α2(2N + α)

(2n+ α− 2)(2n+ α)

)
,

να,0n =
2n+ α

2n+ α− 2

n− 1

n

n+ α− 1

n+ α

[
N + n+ α− 1

N + n+ α

N − n+ 1

N − n
2n+ α+ 1

2n+ α− 3

] 1
2

;

τ0,β0 (x,N) =

[
β + 1

2β+1

] 1
2

, τ0,β1 (x,N) =

[
(β + 3)(N − 1)

2β+1(N + β + 1)

] 1
2
[
β + 2

N − 1
x − β − 1

]
,

τ0,βn (x,N) =
2n+ β

n(n+ β)

[
(κ̂0,βn x− σ̂0,β

n )τ0,βn−1(x,N)− ν̂0,βn τ0,βn−2(x,N)
]
,
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ãäå

κ̂0,βn =

[
(2n+ β − 1)(2n+ β + 1)

(N + n+ β)(N − n)

] 1
2

,

σ̂0,β
n =

κ̂0,βn
4

(
2(N − 1)− β +

β2(2N + β)

(2n+ β − 2)(2n+ β)

)
,

ν̂0,βn =
(n− 1)(n+ β − 1)

2n+ β − 2

[
N + n+ β − 1

N + n+ β

N − n+ 1

N − n
2n+ β + 1

2n+ β − 3

] 1
2

.

Äàëåå ðàññìîòðèì êîíêðåòíûå çíà÷åíèÿ ïàðàìåòðîâ α è β, ÷àñòî èñïîëüçóþ-

ùèåñÿ íà ïðàêòèêå.

5. Ñëó÷àé α = β = 0 (äèñêðåòíûé àíàëîã ïîëèíîìîâ Ëåæàíäðà):

τ00 (x,N) =
1√
2
, τ01 (x,N) =

[
3

2(N2 − 1)

] 1
2

[2x−N + 1],

τ0n(x,N) = κ0n (2x−N + 1) τ0n−1(x,N)− ν0n τ0n−2(x,N),

ãäå êîýôôèöèåíòû:

κ0n =
1

n

[
4n2 − 1

N2 − n2

] 1
2

, ν0n =
n− 1

n

[
(2n+ 1)(N2 − (n− 1)2)

(2n− 3)(N2 − n2)

] 1
2

.

6. Ñëó÷àé α = β = − 1
2 (äèñêðåòíûå ïîëèíîìû ×åáûøåâà ïåðâîãî ðîäà):

τ
− 1

2
0 (x,N) = π−1/2, τ

− 1
2

1 (x,N) = [(π/2)N (N − 1)]
−1/2

[2x−N + 1] ,

ò.ê. â ýòîì ñëó÷àå α+ β = −1, îòäåëüíî âûïèñûâàåì åùå è âòîðîé ïîëèíîì:

τ
− 1

2
2 (x,N) =

[ 2

π

(N − 1)[2]

(N + 1)[2]

]1/2{
2

(
2x

N − 1
− 1

)(
2x− 1

N − 2
− 1

)
− N

N − 2

}
.

Äëÿ ïîëèíîìîâ ñòàðøèõ ñòåïåíåé (n > 3) èìååò ìåñòî ñîîòíîøåíèå:

τ
− 1

2
n (x,N) = κ

− 1
2

n (2x−N + 1) τ
− 1

2
n−1(x,N)− ν−

1
2

n τ
− 1

2
n−2(x,N), (3.2)

ãäå

κ
− 1

2
n = 2 [(N + n− 1)(N − n)]

− 1
2 , ν

− 1
2

n =

[
N + n− 2

N + n− 1

N − n+ 1

N − n

] 1
2

.

Çàìå÷àíèå 2. Êàê áûëî îòìå÷åíî âûøå, äëÿ íàõîæäåíèÿ τ
− 1

2
2 (x,N) ìîæíî

ìîäèôèöèðîâàòü ðåêóððåíòíóþ ôîðìóëó (3.2) ñëåäóþùèì îáðàçîì:

τ
− 1

2
2 (x,N) = κ

− 1
2

2 (2x−N + 1) τ
− 1

2
1 (x,N)−

√
2 ν

− 1
2

2 τ
− 1

2
0 (x,N).

7. Ñëó÷àé α = β = 1
2 (äèñêðåòíûå ïîëèíîìû ×åáûøåâà âòîðîãî ðîäà):

τ
1
2
0 (x,N) =

√
2/π, τ

1
2
1 (x,N) = 2 [(π/2) (N − 1) (N + 2)]

−1/2
[2x−N + 1] ;
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τ
1
2
n (x,N) = κ

1
2
n

[
2(2x−N + 1)τ

1
2
n−1(x,N)− ν

1
2
n τ

1
2
n−2(x,N)

]
, ãäå

κ
1
2
n = [(N − n)(N + n+ 1)]

− 1
2 , ν

1
2
n =

√
(N + n)(N − n+ 1).

8. Ñëó÷àé ¾ñèììåòðè÷íûõ¿ çíà÷åíèé ïàðàìåòðîâ α = − 1
2 , β = 1

2 è α = 1
2 , β =

− 1
2 (òàê íàçûâàåìûå ¾ïîëó÷åáûøåâñêèå¿ ïîëèíîìû). Ïîëèíîìû íàèìåíüøèõ

ñòåïåíåé â ýòîì ñëó÷àå âûðàæàþòñÿ ñëåäóþùèì îáðàçîì:

τ
− 1

2 ,
1
2

0 (x,N) = π−1/2, τ
− 1

2 ,
1
2

1 (x,N) =
[
π(N2 − 1)

]−1/2
[4x− 3N + 3] ,

τ
1
2 ,−

1
2

0 (x,N) = π−1/2, τ
1
2 ,−

1
2

1 (x,N) =
[
π(N2 − 1)

]−1/2
[4x−N + 1] ,

à ðåêóððåíòíûå ñîîòíîøåíèÿ ïðèíèìàþò âèä:

τ
− 1

2 ,
1
2

n (x,N) = κ̃n(4x− 2N + 3)τ
− 1

2 ,
1
2

n−1 (x,N)− ν̃n τ
− 1

2 ,
1
2

n−2 (x,N),

τ
1
2 ,−

1
2

n (x,N) = κ̃n(4x− 2N + 1)τ
1
2 ,−

1
2

n−1 (x,N)− ν̃n τ
1
2 ,−

1
2

n−2 (x,N),

ãäå

κ̃n =
[
N2 − n2

]− 1
2 , ν̃n =

[
N2 − (n− 1)2

N2 − n2

] 1
2

.
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