
2016 Äàãåñòàíñêèå Ýëåêòðîííûå Ìàòåìàòè÷åñêèå Èçâåñòèÿ Âûïóñê 5

ÓÄÊ 517.5

A.-Ð.Ê. Ðàìàçàíîâ, Â. Ã. Ìàãîìåäîâà

Î íàèëó÷øèõ ïðèáëèæåíèÿõ íåïðåðûâíî

äèôôåðåíöèðóåìûõ ôóíêöèé ñïëàéíàìè ïî

äâóõòî÷å÷íûì ðàöèîíàëüíûì èíòåðïîëÿíòàì

Äëÿ íåïðåðûâíî äèôôåðåíöèðóåìûõ íà îòðåçêå ôóíêöèé ïîëó÷åíû
îöåíêè íàèëó÷øåé ïî ïîðÿäêó ñêîðîñòè ñõîäèìîñòè ñïëàéíîâ ïî äâóõòî-
÷å÷íûì ðàöèîíàëüíûì èíòåðïîëÿíòàì.

Áèáëèîãðàôèÿ: 8 íàçâàíèé.

Estimates of degree of the best spline-approximation by means of two-points
rational interpolant for continuously di�erentiable functions on a given segment
are obtained.

Bibliography: 8 items.

Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèîííûå ñïëàéíû, ðàöèîíàëüíûå ñïëàé-
íû, íàèëó÷øèå ñïëàéí-ïðèáëèæåíèÿ.

Keywords: interpolation splines, rational splines, best spline-approxima-
tion.

Ââåäåíèå

Çàäà÷à îá èçó÷åíèè íàèëó÷øèõ ïîëèíîìèàëüíûõ ñïëàéí-ïðèáëèæåíèé äëÿ
êëàññîâ ôóíêöèé áûëà ïîñòàâëåíà Ñ.Á. Ñòå÷êèíûì. Ïî-âèäèìîìó, ïåðâûå ñó-
ùåñòâåííûå ðåçóëüòàòû ïî èññëåäîâàíèþ ýòîé çàäà÷è â ñëó÷àå íåôèêñèðîâàí-
íûõ óçëîâ è êëàññîâ äèôôåðåíöèðóåìûõ ôóíêöèé ñ ïðîèçâîäíûìè äàííîãî
ïîðÿäêà èç êëàññîâ Ëåáåãà èëè êîíå÷íîé âàðèàöèè ïîëó÷èëè Þ.Í. Ñóááîòèí è
Í.È. ×åðíûõ [1]. Ñ äàëüíåéøåé èñòîðèåé ýòîãî âîïðîñà ìîæíî îçíàêîìèòüñÿ,
íàïðèìåð, â [2], [3] è öèòèðîâàííûõ â íèõ èñòî÷íèêàõ.

Â äàííîé ðàáîòå äëÿ íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé èçó÷àåòñÿ
âîïðîñ ïîñòðîåíèÿ ñåòîê óçëîâ, êîòîðûå îáåñïå÷èâàþò íàèëó÷øóþ ïî ïîðÿä-
êó ñêîðîñòü ñõîäèìîñòè ñîîòâåòñòâóþùèõ ñïëàéíîâ ïî äâóõòî÷å÷íûì ðàöèî-
íàëüíûì èíòåðïîëÿíòàì. Âîïðîñ î ïîñòðîåíèè è ñêîðîñòè ñõîäèìîñòè òàêèõ
ñïëàéíîâ â ñëó÷àå ïðîèçâîëüíûõ ñåòîê óçëîâ ðàññìîòðåí â [4].

1. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Â ðàáîòå ðå÷ü èäåò îá èíòåðïîëÿöèîííûõ ðàöèîíàëüíûõ ñïëàéíàõ QN (x, g),
îïðåäåëÿåìûõ äëÿ íåïðåðûâíîé íà îòðåçêå [a, b] ôóíêöèè g(x) íà ñåòêå ñ ïî-
ïàðíî ðàçëè÷íûìè óçëàìè ∆ : a = x0 < x1 < · · · < xN = b (N > 1); ïðè ýòîì
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íà ÷àñòè÷íîì îòðåçêå [xk−1, xk] (k = 1, 2, . . . , N) ñïëàéí QN (x, g) ñîâïàäàåò ñ
ðàöèîíàëüíîé ôóíêöèåé

qk(x) = qk(x, g,H) = ak +
Ak

x− uk
, (1.1)

ãäå äëÿ ïðîèçâîëüíîãî H > b − a ïîëîæåíî uk = xk + H è ÷åðåç ðàçäåëåííóþ
ðàçíîñòü g(xk−1, xk) îïðåäåëåíû êîýôôèöèåíòû

ak = g(xk) + g(xk−1, xk)(xk−1 − uk),

Ak = −g(xk−1, xk)(xk−1 − uk)(xk − uk).
(1.2)

Âñþäó íèæå ÷åðåç Ω(f, [a, b]) îáîçíà÷èì êîëåáàíèå ôóíêöèè f(x) íà äàííîì
îòðåçêå [a, b], ÷åðåç V (f) = V (f, [a, b]) � âàðèàöèþ åå íà ýòîì îòðåçêå.

Ìîäóëü èçìåíåíèÿ ïîðÿäêà n (n = 1, 2, . . . ) ôóíêöèè f(x), íåïðåðûâíîé íà
îòðåçêå [a, b], îïðåäåëèì ðàâåíñòâîì (ñì. [5])

κn(f) = κn(f, [a, b]) = sup

n∑
k=1

|f(xk)− f(xk−1)|,

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì ðàçáèåíèÿì a = x0 < x1 < · · · < xn = b (áëèçêèå
îïðåäåëåíèÿ ñì. [6]�[7]).

Íèæå íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1.1. Åñëè f(x) íåïðåðûâíà è êîíå÷íîé âàðèàöèè íà îòðåçêå [a, b],

òî ïðè ëþáîì m (m = 1, 2, . . . ) ñóùåñòâóåò ðàçáèåíèå a = t0 < t1 < · · · < tm =

b òàêîå, ÷òî ïðè k = 1, 2, . . . ,m âûïîëíÿåòñÿ íåðàâåíñòâî

Ω(f, [tk−1, tk]) 6
1

m
V (f). (1.3)

Äîêàçàòåëüñòâî. Âîçüìåì t0 = a è äîïóñòèì, ÷òî t0 < t1 < · · · < ti óæå
ïîñòðîåíû. Òîãäà ñ÷èòàåì

ti+1 = min{t|t > ti, V (f, [ti, t]) =
1

m
V (f)}.

Òîãäà íà îòðåçêå [a, b] ïîëó÷èì íå áîëåå m ÷àñòè÷íûõ îòðåçêîâ [ti, ti+1], äëÿ
êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî

V (f, [ti, ti+1]) =
1

m
V (f). (1.4)

Åñëè ïîëó÷èì ìåíüøå m îòðåçêîâ [ti, ti+1] (i = 0, 1, . . . , j; j + 1 < m), äëÿ êî-
òîðûõ âûïîëíÿåòñÿ ðàâåíñòâî (1.4), òî îòðåçîê [tj+1, b] ìîæåì äîïîëíèòü òî÷-
êàìè tj+1 < tj+2 < · · · < tm = b, äëÿ êîòîðûõ âûïîëíÿåòñÿ íåðàâåíñòâî (1.3)
ïðè k = j + 2, j + 3, . . . ,m, ÷òî âîçìîæíî â ñèëó íåïðåðûâíîñòè ôóíêöèè f(x).

Ëåììà 1.1 äîêàçàíà.

Äëÿ óòî÷íåíèÿ îöåíîê èñïîëüçóåòñÿ
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Ëåììà 1.2. Åñëè f(x) íåïðåðûâíà è êîíå÷íîé âàðèàöèè íà îòðåçêå [a, b],

òî ïðè ëþáîì n (n = 1, 2, . . . ) ñóùåñòâóåò ðàçáèåíèå a = x0 < x1 < · · · < xn =

b òàêîå, ÷òî ïðè k = 1, 2, . . . , n âûïîëíÿåòñÿ íåðàâåíñòâî

(xk − xk−1)Ω(f, [xk−1, xk]) 6
b− a
n2

V (f).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ñ÷èòàòü [a, b] = [0, 1] è V (f) = 1 ïðè äàí-
íîì íàòóðàëüíîì n (ñëó÷àé ïîñòîÿííîé ôóíêöèè î÷åâèäåí). Äëÿ êðàòêîñòè
ïîëîæèì òàêæå Vk = V (f, [xk−1, xk]) (k = 1, 2, . . . , n).

Åñëè x0 = 0 < x1 < · · · < xk−1 < 1 óæå ïîñòðîåíû, òî âîçüìåì

xk = min

{
x|x > xk−1, (x− xk−1)V (f, [xk−1, x]) =

1

n2

}
.

Óêàçàííûé ìèíèìóì ñóùåñòâóåò ââèäó âîçðàñòàíèÿ è íåïðåðûâíîñòè ïðè
x > xk−1 ôóíêöèè (x − xk−1)V (f, [xk−1, x]). Â ðåçóëüòàòå ïîëó÷èì íå áîëåå n

îòðåçêîâ [xk−1, xk] òàêèõ, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî (xk − xk−1)Vk =
1

n2
.

Äåéñòâèòåëüíî, åñëè äîïóñòèòü, ÷òî ïîëó÷èì m òàêèõ îòðåçêîâ [xk−1, xk] è
m > n, òî ââèäó íåðàâåíñòâ

m∑
k=1

(xk − xk−1) 6 1,

m∑
k=1

Vk 6 1

ïðèäåì ê ïðîòèâîðå÷èþ:

1 <
m

n
=

m∑
k=1

(xk − xk−1)
1
2V

1
2

k 6

6

(
m∑

k=1

(xk − xk−1)

) 1
2
(

m∑
k=1

Vk

) 1
2

6 1.

Äàëåå, åñëè ïîëó÷èì m îòðåçêîâ ñ (xk − xk−1)Vk =
1

n2
è m < n, òî îòðå-

çîê [xm, 1] äîïîëíèì òî÷êàìè xm < xm+1 < · · · < xn = 1, äëÿ êîòîðûõ ïðè

k = m+ 1,m+ 2, . . . , n âûïîëíÿåòñÿ íåðàâåíñòâî (xk − xk−1)Vk 6
1

n2
.

Ëåììà 1.2 äîêàçàíà.

Ïóñòü ôóíêöèÿ Φ(u) ÿâëÿåòñÿ íåïðåðûâíîé, âîçðàñòàþùåé è âûïóêëîé âíèç
íà ïîëóîñè [0,+∞), ïðè÷åì Φ(0) = 0.

Òîãäà Φ-âàðèàöèÿ ïî Ë. Þíã ([8]) ôóíêöèè f(x) íà îòðåçêå [a, b] îïðåäåëÿ-
åòñÿ ðàâåíñòâîì

VΦ(f, [a, b]) = sup

n∑
i=1

Φ(|f(xi)− f(xi−1)|),

ãäå ñóïðåìóì áåðåòñÿ ïî âñåì êîíå÷íûì ðàçáèåíèÿì a = x0 < x1 < · · · < xn = b,
n = 1, 2, . . . .
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Ïðè Φ(u) = u âåëè÷èíà VΦ(f, [a, b]) ðàâíà æîðäàíîâîé âàðèàöèè V (f, [a, b])

ôóíêöèè f(x) íà îòðåçêå [a, b].
Íåïîñðåäñòâåííî èç îïðåäåëåíèé ìîäóëÿ èçìåíåíèÿ κn(f) = κn(f, [a, b]) ïî-

ðÿäêà n (n = 1, 2, . . . ) íåïðåðûâíîé íà îòðåçêå [a, b] ôóíêöèè f(x) è åå æîðäà-
íîâîé âàðèàöèè V (f, [a, b]) âûòåêàåò íåðàâåíñòâî

κn(f, [a, b]) 6 V (f, [a, b]).

Ýòî íåðàâåíñòâî ëåãêî ðàñïðîñòðàíÿåòñÿ íà ôóíêöèè ñ êîíå÷íîé Φ-âàðèàöèåé.
Äåéñòâèòåëüíî, ïóñòü ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [a, b] è ïóñòü

a = x0 < x1 < · · · < xn = b (n = 1, 2, . . . ) � ïðîèçâîëüíîå ðàçáèåíèå. Òîãäà ïðè
êàæäîì k = 1, 2, . . . , n íàéäåòñÿ ïàðà òî÷åê αk < βk èç îòðåçêà [xk−1, xk], äëÿ
êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî

Ω(f, [xk−1, xk]) = |f(βk)− f(αk)|.

Òî÷êè α1, β1, α2, β2, . . . , αn, βn ïåðåîáîçíà÷èì â ïîðÿäêå èõ ñëåäîâàíèÿ
a = y0 6 y1 < y2 · · · < y2n 6 y2n+1 = b. Òîãäà, èñïîëüçóÿ, â ÷àñòíîñòè,
íåðàâåíñòâî Éåíñåíà äëÿ âûïóêëûõ âíèç ôóíêöèé, ïîëó÷èì

n∑
k=1

Ω(f, [xk−1, xk]) =

n∑
k=1

|f(βk)− f(αk)| 6

6 nΦ−1

(
1

n

n∑
k=1

Φ(|f(βk)− f(αk)|)

)
6

6 nΦ−1

(
1

n

2n+1∑
i=1

Φ(|f(yi)− f(yi−1)|)

)
6

6 nΦ−1

(
1

n
VΦ(f, [a, b])

)
;

çäåñü Φ−1(u) îçíà÷àåò ôóíêöèþ, îáðàòíóþ ê ôóíêöèè Φ(u).
Çíà÷èò, ïðè ëþáîì íàòóðàëüíîì n âûïîëíÿåòñÿ íåðàâåíñòâî

κn(f, [a, b]) 6 nΦ−1

(
1

n
VΦ(f, [a, b])

)
. (1.5)

2. Îñíîâíûå ðåçóëüòàòû

Îòìåòèì, ÷òî â ïðèâîäèìîé íèæå òåîðåìå ïîëó÷åíû îöåíêè äëÿ ïðîèçâîëü-
íûõ íåïðåðûâíî äèôôåðåíöèðóåìûõ íà îòðåçêå ôóíêöèé (áåç äîïîëíèòåëüíûõ
îãðàíè÷åíèé íà ïðîèçâîäíóþ).

Òåîðåìà 1. Ïóñòü ôóíêöèÿ g′(x) íåïðåðûâíà è êîíå÷íîé âàðèàöèè íà îò-

ðåçêå [a, b] è ïóñòü m � íàòóðàëüíîå ÷èñëî.

Òîãäà ñóùåñòâóþò íàòóðàëüíîå N 6 2m − 1 è ñåòêà óçëîâ

∆ : a = x0 < x1 < · · · < xN = b òàêèå, ÷òî äëÿ ôóíêöèè g(x) è åå èíòåðïîëÿöè-

îííîãî ñïëàéíà QN (x, g), ñîâïàäàþùåãî íà ÷àñòè÷íûõ îòðåçêàõ [xk−1, xk] (k =
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1, 2, . . . , N) ñ ñîîòâåòñòâóþùèìè ðàöèîíàëüíûìè ôóíêöèÿìè

qk(x) = qk(x, g,H) èç (1.1) c êîýôôèöèåíòàìè (1.2), ïðè x ∈ [a, b] âûïîëíÿ-

åòñÿ íåðàâåíñòâî

|QN (x, g)− g(x)| 6 b− a
2m2

(
V (g′, [a, b]) +

b− a
H
‖g′‖[a,b]

)
.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ g(x) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ
íà îòðåçêå [a, b]. Òîãäà ê ïðîèçâîäíîé g′(x) ñ êîíå÷íîé âàðèàöèåé íà îòðåçêå
[a, b] ïðèìåíèìà ïðèâåäåííàÿ âûøå ëåììà, ñîãëàñíî êîòîðîé ïðè ëþáîìm (m =

1, 2, . . . ) ñóùåñòâóåò ðàçáèåíèå a = t0 < t1 < · · · < tm = b òàêîå, ÷òî ïðè
k = 1, 2, . . . ,m âûïîëíÿåòñÿ íåðàâåíñòâî

Ω(g′, [tk−1, tk]) 6
1

m
V (g′).

Íà èíòåðâàëå (a, b) âîçüìåì òàêæå òî÷êè τk = k
b− a
m

(k = 1, . . . ,m−1). Îáú-

åäèíèâ òî÷êè {t0, t1, . . . , tm} è {τ1, τ2, . . . , τm−1}, ïîëó÷èì íåêîòîðîå ðàçáèåíèå
a = x0 < x1 < · · · < xN = b ñî ñâîéñòâàìè:

1) N 6 2m− 1;

2) xk − xk−1 6
b− a
m

(k = 1, 2, . . . , N);

3) Ω(g′, [xk−1, xk]) 6
1

m
V (g′) (k = 1, 2, . . . , N).

(2.1)

Ýòî ðàçáèåíèå ∆ : a = x0 < x1 < · · · < xN = b âîçüìåì â êà÷åñòâå ñåòêè óçëîâ
èíòåðïîëÿöèîííîãî ñïëàéíà QN (x, g), îïðåäåëÿåìîãî íà ÷àñòè÷íûõ îòðåçêàõ
[xk−1, xk] ñîîòâåòñòâóþùèìè ðàöèîíàëüíûìè ôóíêöèÿìè qk(x) = qk(x, g,H) èç
(1.1) ñ êîýôôèöèåíòàìè (1.2).

ßñíî, ÷òî ïðè êàæäîì k = 1, 2, . . . , N íàéäåòñÿ òî÷êà ξk ∈ (xk−1, xk), äëÿ
êîòîðîé

g(xk−1, xk) =
g(xk)− g(xk−1)

xk − xk−1
= g′(ξk).

Ïîýòîìó äëÿ x ∈ [xk−1, xk] (k = 1, 2, . . . , N) ïîëó÷èì

q′k(x)− g′(x) = g′(ξk)
(xk−1 − uk)(xk − uk)

(x− uk)2
− g′(x) =

= g′(ξk)

(
(xk−1 − uk)(xk − uk)

(x− uk)2
− 1

)
+ g′(ξk)− g′(x);

ïðè ýòîì ïî ïîñòðîåíèþ óçëîâ èç ñâîéñòâ (2.1) èìååì∣∣∣∣ (xk−1 − uk)(xk − uk)

(x− uk)2
− 1

∣∣∣∣ 6 max

{
uk − xk−1

uk − xk
− 1, 1− uk − xk

uk − xk−1

}
=

=
xk − xk−1

uk − xk
6
b− a
mH

;

|g′(ξk)− g′(x)| 6 Ω(g′, [xk−1, xk]) 6
1

m
V (g′).
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Çíà÷èò, ïðè x ∈ [xk−1, xk] (k = 1, 2, . . . , N) ïîëó÷èì

|q′k(x)− g′(x)| 6 ‖g′‖[xk−1,xk]
b− a
mH

+
1

m
V (g′), (2.2)

ãäå
‖g′‖[xk−1,xk] = max{|g′(x)| : x ∈ [xk−1, xk]}.

Ïóñòü òåïåðü yk(x) ÿâëÿåòñÿ áëèæàéøåé èç òî÷åê xk−1 è xk äëÿ
x ∈ [xk−1, xk]. Òîãäà, òàê êàê qk(xj) = g(xj) ïðè j = k − 1 è j = k, íàéäåòñÿ
òî÷êà c(x) ìåæäó òî÷êàìè x è yk(x) òàêàÿ, ÷òî

|qk(x)− g(x)| = |q′k(c(x))− g′(c(x))| |x− yk(x)| 6

6 |q′k(c(x))− g′(c(x))|xk − xk−1

2
.

Îòñþäà è èç (2.1), ïðèìåíèâ ê òî÷êå c(x) íåðàâåíñòâî (2.2), ïîëó÷èì

|qk(x)− g(x)| 6 ‖g′‖[a,b]
(b− a)2

2m2H
+
b− a
2m2

V (g′)

ïðè x ∈ [xk−1, xk] (k = 1, 2, . . . , N).
Òàê êàê èç x ∈ [a, b] ñëåäóåò, ÷òî x ∈ [xk−1, xk] ïðè íåêîòîðîì k = 1, 2, . . . , N

è òîãäà qk(x) = QN (x, g), òåîðåìà 1 äîêàçàíà.

Èç íåðàâåíñòâà (1.5) è äîêàçàííîé òåîðåìû 1 âûòåêàåò

Ñëåäñòâèå 1. Ïóñòü Φ(u) � ïðîèçâîëüíàÿ íåïðåðûâíàÿ, âîçðàñòàþùàÿ è

âûïóêëàÿ âíèç íà [0,+∞) ôóíêöèÿ ñ Φ(0) = 0 è ïóñòü ôóíêöèÿ g(x) èìååò íà

îòðåçêå [a, b] íåïðåðûâíóþ ïðîèçâîäíóþ ñ êîíå÷íîé Φ-âàðèàöèåé.

Òîãäà äëÿ êàæäîãî íàòóðàëüíîãî m ñóùåñòâóåò ñåòêà óçëîâ
∆ : a = x0 < x1 < · · · < xN = b ñ N 6 2m − 1, èíòåðïîëÿöèîííûé ðàöèî-
íàëüíûé ñïëàéí QN (x, g) ïî êîòîðîé óäîâëåòâîðÿåò íåðàâåíñòâó

|QN (x, g)− g(x)| 6 b− a
2m

(
Φ−1

(
1

m
VΦ(g′, [a, b])

)
+
b− a
mH

‖g′‖[a,b]
)
,

â ÷àñòíîñòè, ïðè Φ(u) = u � íåðàâåíñòâó

|QN (x, g)− g(x)| 6 b− a
2m2

(
V (g′, [a, b]) +

b− a
H
‖g′‖[a,b]

)
. (2.3)

Äëÿ äàííîé íåïðåðûâíîé íà îòðåçêå [a, b] ôóíêöèè f(x) è íàòóðàëüíîãî n ÷å-
ðåç Rf,n îáîçíà÷èì ìíîæåñòâî âñåõ êóñî÷íî ðàöèîíàëüíûõ ôóíêöèé
Qn(x) = Qn(x, f), ïîñòðîåíííûõ äëÿ f(x) ïî âñåâîçìîæíûì ñåòêàì ïîïàðíî
ðàçëè÷íûõ óçëîâ a = x0 < x1 < · · · < xn = b è äâóõòî÷å÷íûì ðàöèîíàëüíûì
èíòåðïîëÿíòàì qk(x, f,H) âèäà (1.1) ñ H > b− a.

Ïðè n = 1, 2, . . . îáîçíà÷èì òàêæå

RSn(f, [a, b]) = inf
{
‖Qn(·, f)− f‖[a,b] : Qn ∈ Rf,n

}
.

Ñëåäóþùåå óòâåðæäåíèå äàåò íåêîòîðîå óòî÷íåíèå îöåíêè, ïîëó÷åííîé â
òåîðåìå 1.
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Òåîðåìà 2. Ïóñòü ôóíêöèÿ f(x) íåïðåðûâíî äèôôåðåíöèðóåìà íà îòðåçêå

[a, b]. Òîãäà ïðè n = 1, 2, . . . èìååò ìåñòî íåðàâåíñòâî

RSn(f, [a, b]) 6
b− a
2n2

V (f ′, [a, b]).

Äîêàçàòåëüñòâî. Ñíà÷àëà ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåìû 1, íî
èñïîëüçóÿ ëåììó 1.2 âìåñòî ëåììû 1.1, ïðè x ∈ [xk−1, xk] (k = 1, 2, . . . , n) è ïðî-
èçâîëüíîì íàòóðàëüíîì n ñ ó÷åòîì ðàâåíñòâà Qn(x, f) = qk(x, f,H) ïîëó÷èì
íåðàâåíñòâî

|Qn(x, f)− f(x)| 6 b− a
2n2

V (f ′, [a, b]) +
(xk − xk−1)2

2H
‖f ′‖[a,b].

Îòñþäà ëåãêî ñëåäóåò, ÷òî

RSn(f, [a, b]) 6
b− a
2n2

V (f ′, [a, b]) +
(b− a)2

2H
‖f ′‖[a,b].

Îñòàåòñÿ ó÷åñòü, ÷òî ïîëîæèòåëüíîå ÷èñëî H > b − a ìîæíî ñ÷èòàòü ñêîëü
óãîäíî áîëüøèì.

Òåîðåìà 2 äîêàçàíà.
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