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On Solvability of an Initial Value Problem for

Hilfer type Fractional Di�erential Equation

with Nonlinear Maxima

In this article we consider the questions of one-valued solvabil-
ity of initial value problem for a nonlinear Hilfer type fractional
di�erential equation with nonlinear maxima. By the aid of un-
complicated integral transformation based on Dirichlet formula,
this initial value problem is reduced to the nonlinear Volterra
type fractional integral equation with nonlinear maxima. It is
proved the theorem of existence and uniqueness of the solution
of given initial value problem in an interval under consideration.
It is proved also the stability of the desired solution with respect
to given parameter.
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Â ñòàòüå ðàññìàòðèâàþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøè-
ìîñòè íà÷àëüíîé çàäà÷è äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ òèïà Õèëüôåðà äðîáíîãî ïîðÿäêà ñ íåëèíåé-
íûìè ìàêñèìóìàìè. Ñ ïîìîùüþ íåñëîæíîãî èíòåãðàëüíîãî
ïðåîáðàçîâàíèÿ, îñíîâàííîãî íà ôîðìóëå Äèðèõëå, ýòà íà-
÷àëüíàÿ çàäà÷à ñâîäèòñÿ ê íåëèíåéíîìó èíòåãðàëüíîìó óðàâ-
íåíèþ òèïà Âîëüòåððà äðîáíîãî ïîðÿäêà ñ íåëèíåéíûìè ìàê-
ñèìóìàìè. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè ðåøåíèÿ çàäàííîé íà÷àëüíîé çàäà÷è íà ðàññìàòðèâàåìîì
èíòåðâàëå. Äîêàçàíà òàêæå óñòîé÷èâîñòü èñêîìîãî ðåøåíèÿ
ïî çàäàííîìó ïàðàìåòðó.

Áèáëèîãðàôèÿ: 26 íàçâàíèé.
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Êëþ÷åâûå ñëîâà: Îáûêíîâåííîå äèôôåðåíöèàëüíîå
óðàâíåíèå, íà÷àëüíàÿ çàäà÷à, íåëèíåéíûå ìàêñèìóìû, îïå-
ðàòîð Õèëüôåðà, îäíîçíà÷íàÿ ðàçðåøèìîñòü.

1. Introduction

Let
(
t0; b

)
⊂ R+ ≡ [0; ∞) be a �nite interval on the set of positive real

numbers, and let α > 0. The Riemann�Liouville α-order fractional integral
of a function η(t) is de�ned as follows:

Iαt0+η(t) =
1

Γ(α)

t∫
t0

(t− s)α−1η(s) d s, α > 0, t ∈
(
t0; b

)
,

where Γ(α) is the Gamma function [1, p. 112].
Let n − 1 < α ≤ n, n ∈ N. The Riemann�Liouville α-order fractional

derivative of a function η(t) is de�ned as follows [2, Vol. 1, p. 27]:

Dα
t0+
η(t) =

dn

dtn
In−αt0+

η(t), t ∈
(
t0; b

)
.

The Caputo α-order fractional derivative of a function η(t) is de�ned [2, Vol.
1, p. 34] by

∗D
α
t0+
η(t) = In−αt0+

η(n)(t) =
1

Γ(n− α)

t∫
t0

η(n)(s) d s

(t− s)α−n+1
, t ∈

(
t0; b

)
.

Both the derivatives are reduced to the n-th order derivatives for α = n ∈ N
[2, Vol. 1, pp. 27, 34]:

D n
t0+
η(t) = ∗D

n
t0+
η(t) =

dn

dtn
η(t), t ∈

(
t0; b

)
.

The so-called generalized Riemann�Liouville fractional derivative (referred
to as the Hilfer fractional derivative) of order α, n − 1 < α ≤ n, n ∈ N
and type β, 0 ≤ β ≤ 1, is de�ned by the following composition of three
operators: [1, p. 113]:

Dα, β
t0+η(t) = I

β(n−α)
t0+

dn

dtn
I
(1−β)(n−α)
t0+ η(t), t ∈

(
t0; b

)
.



50 T.K. Yuldashev, B. J. Kadirkulov

For β = 0, this operator is reduced to the Riemann�Liouville fractional
derivative Dα, 0

t0+ = Dα
t0+

and the case β = 1 corresponds to the Caputo

fractional derivative Dα, 1
t0+ = ∗D

α
t0+
.

Let γ = α + β n − αβ. It is easy to see that α ≤ γ ≤ n. Then it is
convenient to use another designation for the operator Dα, β

t0+η(t):

Dα, γη(t) = Dα, β
t0+η(t).

The generalized Riemann�Liouville operator was introduced in [1] by R.
Hilfer on the basis of fractional time evolutions that arise during the tran-
sition from the microscopic scale to the macroscopic time scale. Using the
integral transforms, he investigated the Cauchy problem for the general-
ized di�usion equation, the solution of which is presented in the form of
the Fox H-function. Note [3, 4], where the generalized Riemann�Liouville
operator was used in studying dielectric relaxation in glass-forming liquids
with di�erent chemical compositions. In [5], the properties of the gener-
alized Riemann�Liouville operator were investigated in a special functional
space, and an operational method was developed for solving fractional di�er-
ential equations with this operator. Based on the results of the work [5], the
authors of [6] have developed an operational method for solving fractional
di�erential equations containing a �nite linear combination of the generalized
Riemann�Liouville operators with various parameters.

Fractional calculus plays an important role for the mathematical model-
ing in many scienti�c and engineering disciplines [7]. In [8] it is considered
problems of continuum and statistical mechanics. In [9] is studied the math-
ematical problems of Ebola epidemic model. In [10] and [11] are studied the
fractional model for the dynamics of tuberculosis infection and novel coro-
navirus (nCoV-2019), respectively. The construction of various models of
theoretical physics by the aid of fractional calculus is described in [2, Vol. 4,
5], [12, 13]. A speci�c interpretation of the Hilfer fractional derivative, de-
scribing the random motion of a particle moving on the real line at Poisson
paced times with �nite velocity is given in [14]. A detailed review of the
application of fractional calculus in solving problems of applied sciences is
given in [2, Vol. 6-8], [15]. More detailed information related to the theory
of fractional integro-di�erentiation, including the Hilfer fractional deriva-
tive, one can �nd in [16]. In [17] by analytical method is studied the unique
solvability of boundary value problem for weak nonlinear partial di�erential
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equations of mixed type with fractional Hilfer operator. In [18] is studied
the solvability of nonlocal problem for a mixed type fourth-order di�erential
equation with Hilfer fractional operator. In [19] it is considered an inverse
problem for a mixed type integro-di�erential equation with fractional order
Caputo operators.

In the present paper we consider the questions of one-valued solvability
and stability of solution for a Hilfer type fractional di�erential equation with
nonlinear maxima. This equation we solve under initial value condition.
Di�erential equations with maxima play an important role in solving control
problems in the sale of goods and investment of manufacturing companies
in a market economy [20]. In [21], it is justi�ed that the theoretical study of
di�erential equations with maxima is relevant.

2. Formulation of the problem and fractional integral

equation

We consider the Hilfer type fractional di�erential equation on an interval
(t0; T ):

Dα, γx (t) + ωx (t) = f (t, x (t), max {x (θ) | θ ∈ [q1(t); q2(t)]}) (1)

under initial value condition

lim
t→t0

J1−γ
t0+ x(t) = x0, x(t) = ϕ(t), t /∈ (t0; T ) , (2)

where f (t, u, ϑ) ∈ C ([t0; T ]×X×X), ϕ (t) ∈ C ([0; t0] ∪ [T ; ∞)), 0 < ω is
real parameter, x0 = const, 0 ≤ t0, X ⊂ R ≡ (−∞; ∞), qi = qi(t, x (t)) ∈
C ([t0; T ]× X), i = 1, 2, X is closed set. Here Dα,γ = Jγ−αt0+

d
dtJ

1−γ
t0+ , 0 < α ≤

γ ≤ 1 is Hilfer operator and Jν0+ is the Riemann�Liouville integral operator,
which is de�ned by the formula

Jαt0+η(t) =
1

Γ(α)

t∫
t0

η(s) d s

(t− s)1−α
, α > 0.

We set 0 < q1 < q2 <∞ and understand it that there possible the cases: 1)
0 ≤ q1 < q2 < t; 2) 0 ≤ q1 < t, t ≤ q2 <∞; 3) t ≤ q1 < q2 <∞.
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Lemma 1. The solution of the di�erential equation (1) with initial value
condition (2) on the interval (t0; T ) is represented as follows

x (t) = x0(t−t0)γ−1Eα, γ (−ω (t− t0)α)+

t∫
t0

(t−s)α−1Eα, α (−ω (t− s)α)×

× f (s, x (s), max {x (θ) | θ ∈ [q1(s, x (s)); q2(s, x (s))]}) d s, (3)

where Eα, γ(z) is Mittag�Le�er function and has the form [2, vol. 1, 269�
295]

Eα, γ(z) =
∞∑
k=0

z k

Γ(α k + γ)
, z, α, γ ∈ (0; ∞).

Proof. We rewrite the di�erential equation (1) in the form

Jγ−αt0+ D
γ
t0+ x (t) = −ω x(t) + f (t, ·),

where f (t, ·) = f (s, x (s), max {x (θ) | θ ∈ [q1(s, x (s)); q2(s, x (s))]}).
Applying the operator Jαt0+ to both sides of this equation and taking into

account the linearity of this operator and the formula [6]

Jγt0+D
γ
t0+x(t) = x(t)− 1

Γ (γ)
J1−γ
t0+ x(t)| t=t0+(t− t0)γ−1,

we obtain

x(t) =
x0

Γ (γ)
(t− t0)γ−1 + Jαt0+f (t, ·)− ω Jαt0+x(t). (4)

Using the lemma from [22], we represent the solution of equation (4) in
the form

x(t) =
x0

Γ (γ)
(t− t0)γ−1 + Jαt0+f (t, ·)−

−ω
t∫

t0

(t− s)α−1Eα, α (−ω (t− s)α)

[
x0

Γ (γ)
(s− t0)γ−1 + Jαt0+f (s, ·)

]
d s.

(5)
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We rewrite the representation (5) as the sum of two expressions:

I1(t) = x0

(t− t0)γ−1

Γ (γ)
− ω

Γ (γ)

t∫
t0

Eα, α (−ω (t− s)α)

(t− s)1−α
(s− t0)γ−1 d s

 , (6)

I2(t) = Jαt0+f (t, ·)− ω
t∫

t0

(t− s)α−1Eα, α (−ω (t− s)α) Jαt0+f (s, ·) d s. (7)

We apply the following representations [2, vol. 1, 269�295]

Eα, γ(z) =
1

Γ (γ)
+ z Eα, γ+α(z), α > 0, γ > 0, (8)

1

Γ(k)

z∫
t0

(z − t)k−1Eα, γ (−ω tα) tγ−1d t =

= zγ+k−1Eα, γ+k (−ω zα) , k > 0, γ > 0. (9)

Then for the integral (6) we obtain representation

I1(t) = x0(t− t0)γ−1Eα, γ (−ω (t− t0)α) . (10)

The integral in (7) is easily transformed to the form

t∫
t0

(t− ξ)α−1Eα, α (−ω (t− ξ)α) Jαt0+f (ξ, ·) d ξ =

=
1

Γ (α)

t∫
t0

(t− ξ)α−1Eα, α (−ω (t− ξ)α) d ξ

ξ∫
t0

(ξ − s)α−1f (s, ·) d s =

=
1

Γ (α)

t∫
t0

f (s, ·) d s
t∫

s

(t− ξ)α−1(ξ − s)α−1Eα, α (−ω (t− ξ)α) d ξ. (11)
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Taking the (9) into account the second integral in the last equality of (11)
can be written as

t∫
s

(t− ξ)α−1(ξ − s)α−1Eα, α (−ω (t− ξ)α) d ξ =

= Γ(α) (t− ξ)2α−1Eα, 2α (−ω (t− ξ)α) .

Then, taking into account (8), we represent (7) in the following form

I2(t) =

t∫
t0

(t− ξ)α−1Eα, α (−ω (t− ξ)α) f (ξ, ·) d ξ. (12)

Substituting (10) and (12) into the sum x(t) = I1(t) + I2(t), we obtain
(3). The lemma 1 is proved.

3. Unique solvability of problem (1), (2)

Instead of the integral equation (3) we study the questions of unique
solvability of the following integral equation

x (t, ω)(t− t0)1−γ = I (t; x) ≡ x0Eα, γ

(
−ω

(
t− t0

)α)
+

+

t∫
t0

(t− s)α−1(t− t0)1−γEα, α (−ω (t− s)α) ×

× f (s, x (s, ω), max {x (θ, ω) | θ ∈ [q1(s, x (s, ω)); q2(s, x (s, ω))]}) d s,
(13)

which has no singularities at the point t = t0.

Theorem 1. Let the following three conditions be satis�ed:

1. max

{
max
t/∈(t0;T )

|ϕ (t) | ; max
t0≤t≤T

| f (t, x, y) |
}
≤M0 = const <∞;

2. |f (t, x1, y1)− f (t, x2, y2)| ≤ L0 (|x1 − x2|+ |y1 − y2|), 0 < L0 =
const <∞;
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3. | qi(t, x1)− qi(t, x2) | ≤ L0 i |x1 − x2 |, 0 < L0 i = const < ∞, i =
1, 2.

Then there exists a unique solution of the initial value problem (1), (2)
in the space of continuous functions C (t0; T ), which can be found by the
method of successive approximations:{

x0(t, ω)(t− t0)1−γ = G(t),
x k+1 (t, ω)(t− t0)1−γ = I (t; x k), k = 0 , 1 , 2 , . . . ,

(14)

where G(t) = x0Eα, γ (−ω (t− t0)α).

Proof. Mittag�Le�er function Eα, γ(z) has the following property [23]:
we assume that 0 < α < 2, γ is real constant and arg z = π. Then there
holds

|Eα, γ(z)| ≤ A

1 + |z|
,

where A is positive constant and does not dependent on z. Then it is not dif-
�cult to see that from the approximations (14) we obtain that there following
estimate holds∣∣ (t− t0)1−γx0(t, ω)

∣∣ ≤ |x0| · |Eα, γ (−ω (t− t0)α) | ≤ |x0| · C 0, (15)

where |Eα, α (−ω (t− s)α) | ≤ C 0.
By virtue of �rst condition of the theorem and estimate (15), from suc-

cessive approximations (14) we obtain

|x1(t, ω)− x0(t, ω)| ≤
t∫

t0

∣∣(t− s)α−1Eα,α (−ω(t− s)α) ×

×f (s, x0(s, ω),max {x0(θ, ω)|θ ∈ [q1 (s, x0(s, ω)) ; q2 (s, x0(s, ω))]})| ds ≤

≤M0 · C0|x0|

∣∣∣∣∣∣
t∫

t0

(t− s)α−1ds

∣∣∣∣∣∣ ≤ |x0|α M0 · C0 · (t− t0)α. (16)

We continue the Picard iteration process for the integral equation (13) ac-
cording to the successive approximations (14). Then, by virtue of conditions
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of the theorem and taking the estimate (16) into account, we derive

|x2(t, ω)− x1(t, ω)| ≤
t∫

t0

∣∣(t− s)α−1Eα,α (−ω(t− s)α)×

× [f (s, x1(s, ω),max {x1(θ, ω)|θ ∈ [q1 (s, x1(s, ω)) ; q2 (s, x1(s, ω))]})−
−f (s, x0(s, ω),max {x0(θ, ω)|θ ∈ [q1 (s, x0(s, ω)) ; q2 (s, x0(s, ω))]})]| ds ≤

≤ L0

t∫
t0

∣∣(t− s)α−1Eα,α (−ω(t− s)α)
∣∣ [|x1(s, ω)− x0(s, ω)|+

+ |max {x1(θ, ω)|θ ∈ [q1 (s, x1(s, ω)) ; q2 (s, x1(s, ω))]}−
−max {x0(θ, ω)|θ ∈ [q1 (s, x1(s, ω)) ; q2 (s, x1(s, ω))]}|+
+ |max {x0(θ, ω)|θ ∈ [q1 (s, x1(s, ω)) ; q2 (s, x1(s, ω))]}−
−max {x0(θ, ω)|θ ∈ [q1 (s, x0(s, ω)) ; q2 (s, x0(s, ω))]}|] ds ≤

≤ L0

t∫
t0

∣∣(t− s)α−1Eα,α (−ω(t− s)α)
∣∣ [2 |x1(s, ω)− x0(s, ω)|+

+M0 (|q1 (s, x1(s, ω))−
−q1 (s, x0(s, ω))|+ |q2 (s, x1(s, ω))− q2 (s, x0(s, ω))|)] ds ≤

≤ (2 +M0 (L01 + L02))C0L0

t∫
t0

(t− s)α−1|x1(s, ω)− x0(s, ω)|ds ≤

≤ |x0|
α

(2 +M0 (L01 + L02))M0 · C2
0L0

t∫
t0

(t− s)α−1(s− t0)αd s.

By the changing the argument as s = t0 + (t− t0) τ , from the last estimate
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we obtain

|x2(t, ω)− x1(t, ω) | ≤ |x0|
α
L0 (2 +M0 (L01 + L02))×

×M0 · C2
0

t∫
t0

(t− t0)α−1(1− τ)α−1(t− t0)ατα(t− t0)dτ ≤

≤ Γ2(α)

Γ(2α + 1)
|x0|L0 (2 +M0 (L01 + L02))M0 [C0 · (t− t0)α] 2 . (17)

Analogously, taking the estimate (17) into account, for the next di�erence
we derive

|x3(t, ω)− x2(t, ω)| ≤

≤ L0

t∫
t0

∣∣(t− s)α−1Eα,α (−ω(t− s)α)
∣∣ [|x2(s, ω)− x1(s, ω)|+

+ |max {x2(θ, ω)|θ ∈ [q1 (s, x2(s, ω)) ; q2 (s, x2(s, ω))]}−
−max {x1(θ, ω)|θ ∈ [q1 (s, x2(s, ω)) ; q2 (s, x2(s, ω))]}|+
+ |max {x1(θ, ω)|θ ∈ [q1 (s, x2(s, ω)) ; q2 (s, x2(s, ω))]}−
−max {x1(θ, ω)|θ ∈ [q1 (s, x1(s, ω)) ; q2 (s, x1(s, ω))]}|] ds ≤

≤ L0 (2 +M0 (L01 + L02))C0

t∫
t0

(t− s)α−1|x2(s, ω)− x1(s, ω)|ds ≤

≤ Γ2(α)

Γ(2α + 1)
|x0|M0 [L0 (2 +M0 (L01 + L02))]

2C3
0

t∫
t0

(t−s)α−1(s−t0)2αds ≤

≤ Γ3(α)

Γ(3α + 1)
|x0|M0 [L0 (2 +M0 (L01 + L02))]

2 [C0 · (t− t0)α]3 . (18)

Continuing the estimation processes (15)�(18), for arbitrary di�erence
we obtain

|xn(t, ω)− xn−1(t, ω) | ≤

≤ Γn(α)

Γ(nα + 1)
|x0|M0 [L0 (2 +M0 (L01 + L02))]

n−1 [C0 · (t− t0)α]n . (19)
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For the absolute value |xn(t)− xn−1(t) | we show that
∞∑
n=1
|xn(t, ω)− xn−1(t, ω) | <∞ in the space C (t0; T ). So, the right-hand

side of (19) we denote as

an =
Γn(α)

Γ(nα + 1)
· [L0 (2 +M0 (L01 + L02))]

n−1 [C0 · (t− t0)α]n .

We set

an+1 =
Γn+1(α)

Γ((n+ 1)α + 1)
· [L0 (2 +M0 (L01 + L02))]

n [C0 · (t− t0)α]n+1 .

Then we consider the following limit

lim
n→∞

an+1

an
=

= L0 (2 +M0 (L01 + L02)) Γ(α)C0 · (t− t0)α lim
n→∞

Γ(nα + 1)

Γ((n+ 1)α + 1)
. (20)

Taking following known formula [24]

Γ(z + a)

Γ(z + b)
= za−b

[
1 +

(a− b)(a− b− 1)

2z
+O(z−2)

]

into account, we obtain

lim
n→∞

Γ(nα + 1)

Γ((nα + α + 1)
=

= lim
n→∞

(nα)1−α−1
[
1 +

(1− α− 1)(1− α− 1− 1)

2nα
+O(nα)−2

]
=

=
1

αα
lim
n→∞

1

nα

[
1 +

α(1 + α)

2nα
+O(nα)−2

]
= 0.
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Consequently, for (20) we have

lim
n→∞

an+1

an
= L0 (2 +M0 (L01 + L02)) Γ(α)C0 · (t− t0)α·

· lim
n→∞

Γ(nα + 1)

Γ((n+ 1)α + 1)
=

= L0 (2 +M0 (L01 + L02)) Γ(α)C0 · (t− t0)α ·
1

αα
×

× lim
n→∞

1

nα

[
1 +

α(1 + α)

2nα
+O(nα)−2

]
= 0.

Hence, according to d'Alembert's convergence criterion of series, we have

∞∑
n=1

|xn(t, ω)− xn−1(t, ω) | ≤

≤
∞∑
n=1

Γn(α)

Γ(nα + 1)
· Cn

0 [L0 (2 +M0 (L01 + L02))]
n−1 (t− t0)nα <∞ (21)

for all t ≥ t0. Since we consider the solution of the integral equation (13)
in the space of continuous functions C [t0; T ], it follows from the (21) that
the sequence of functions {xk(t)}∞k=1 converges absolutely and uniformly to
solution of the integral equation (13) with respect to argument t. Hence
implies the existence of a solution of the problem (1), (2) on the interval
(t0; T ). Now we show the uniqueness of this solution. Assuming that the
integral equation (13) has two di�erent solutions x(t, ω) and y(t, ω) on the
interval [t0; T ], we obtain the following integral inequality

|x(t, ω)− y(t, ω) | ≤ L0 (2 +M0 (L01 + L02))×

×
t∫

t0

∣∣ (t− s)α−1Eα, α (−ω (t− s)α)
∣∣ · |x(s, ω)− y(s, ω)| d s. (22)

Applying Gronwall�Bellman inequality to estimate (22), we obtain that
there holds identity ‖x (t, ω)− y (t, ω ‖ ≡ 0 for all t ∈ [t0; T ]. There-
fore, the Cauchy type problem (1), (2) has a unique solution on the interval
(t0; T ). The Theorem 1 is proved.
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4. Continuous dependence of the solution from

parameter ω

In this section we use the following generalized Gronwall�Bellman in-
equality.

Lemma 2. [26]. If for the functions 0 ≤ u (t), f (t), α (t), β (t) ∈
C (t0; T ) is true the inequality

u (t) ≤ f (t) + α (t)

t∫
t0

β (s) · u (s) d s,

then the following estimate holds

u (t) ≤ f (t) + α (t)

t∫
t0

β (s) f (s) exp


t∫

t0

β (θ)α (θ) d θ

 d s.

Now, we show that the solution x (t, ω) of the initial value problem for
fractional di�erential equation (1) is stable with respect to a given parameter
ω.

Theorem 2. Suppose that all the conditions of theorem 1 are ful�lled.
Then, the solution of the problem (1), (2) on the interval (t0; T ) is stable
with respect to given parameter ω.

Proof. Let x (t, ω1) and x (t, ω2) be two di�erent solutions of the in-
tegral equation (13) corresponding to two di�erent values of the parameter
ω1 and ω2, respectively. We put: |ω 1 − ω 2 | < δ, where 0 < δ is su�ciently
small real number.

In the proof of this theorem we use the following inequality

|Eα,α (−ω1(t− s)α)− Eα,α (−ω2(t− s)α)| ≤ C1 |ω1 − ω2| , 0 < C1 = const.

Therefore, similarly to estimate (22), from integral equation (13) we ob-
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tain the estimate∣∣(t− t0)1−γ (x(t, ω1)− x(t, ω2))
∣∣ ≤

≤ |x0| · |Eα,γ (−ω1(t− t0)α)− Eα,γ (−ω2(t− t0)α)|+

+

t∫
t0

(t− s)α−1(t− t0)1−γ [|Eα,α (−ω1(t− s)α)− Eα,α (−ω2(t− s)α)| ×

× |f (s, x(s, ω1),max {x(θ, ω1)|θ ∈ [q1(s, x(s, ω1)); q2(s, x(s, ω1))]})|+
+L0 (2 +M0 (L01 + L02)) |Eα,α (−ω2(t− s)α)| · |x(s, ω1)− x(s, ω2)|] ds ≤

≤ |x0|C1 · |ω1 − ω2|+ (t− t0)1−γC1 · |ω1 − ω2|M0

∣∣∣∣∣∣
t∫

t0

(t− s)α−1ds

∣∣∣∣∣∣+
+ (t− t0)1−γL0 (2 +M0 (L01 + L02))

C1

t∫
t0

∣∣(t− s)α−1∣∣ · |x(s, ω1)− x(s, ω2)| ds ≤

≤M1(t) · |ω1 − ω2|+M2(t)

t∫
t0

∣∣(s− t0)α−1∣∣ · |x(s, ω1)− x(s, ω2)| d s, (23)

where

M1(t) = C1

[
|x0|+M0

(t− t0)1+α−γ

α

]
,

M2(t) = (t− t0)1−γL0 (2 +M0 (L01 + L02))C1.

Appling to the estimate (23) the generalized Gronwall�Bellman inequal-
ity in Lemma 2, we obtain∣∣(t− t0)1−γ (x(t, ω1)− x(t, ω2))

∣∣ ≤M1(t) · |ω 1 − ω 2|+

+M2(t)

t∫
t0

∣∣(s− t0)α−1∣∣ ·M1(s)·

· |ω 1 − ω 2| exp


s∫

t0

∣∣(ξ − t0)α−1∣∣M2(ξ) d ξ

 d s.
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Hence, we have∣∣(t− t0)1−γ (x(t, ω1)− x(t, ω2))
∣∣ ≤ B(t) · |ω 1 − ω 2| , (24)

where

B(t) = M1(t) +M2(t)

t∫
t0

∣∣(s− t0)α−1∣∣ ·
·M1(s) · exp


s∫

t0

∣∣(ξ − t0)α−1∣∣M2(ξ) d ξ

 d s.

If we put ε = δ · max
t0≤t≤T

B (t), then we obtain from (24) that∣∣(t− t0)1−γ (x(t, ω1)− x(t, ω2))
∣∣ < ε. (25)

From the estimate (25) we see that the solution of the problem (1), (2)
is continuous dependence from parameter ω on the interval (t0; T ). The
theorem 2 is proved.

5. Conclusion

In this paper we consider the questions of unique solvability of initial
value problem for a nonlinear fractional di�erential equation (1) with non-
linear maxima on the given interval (t0; T ). This initial value problem we
reduce to the fractional order nonlinear integral equation of Volterra type
(3) with nonlinear maxima. The equation (3) has weak singularity at the
point t = t0. So, both sides of this integral equation (3) we multiple by the
quantity inverse of singularity. Then we use the method of successive ap-
proximation and proved the theorem on existence and uniqueness of solution
of this problem. We prove also the continuous dependence of the solution of
the problem (1), (2) from parameter ω on the interval (t0; T ).

References

[1] Application of fractional calculus in physics. Hilfer R. (ed.) Singapore:
World Scienti�c Publishing Company, 2000. 472 p. DOI: 10.1142/3779



Hilfer type Fractional Di�erential Equation with Nonlinear Maxima 63

[2] Handbook of fractional calculus with applications. Vols. 1-8. Tenreiro
Machado J. A. (ed.). � Berlin, Boston: Walter de Gruyter GmbH, 2019.

[3] Hilfer R. Experimental evidence for fractional time evolution in glass
forming materials // Chem. Phys. 2002. Vol. 284. � 1-2. P. 399�408.
DOI: 10.1016/S0301-0104(02)00670-5

[4] Hilfer R. On fractional relaxation // Fractals. 2003. Vol. 1., � Supp.
01. � Part III: Scaling. P. 251�257. DOI: 10.1142/S0218348X03001914

[5] Hilfer R., Luchko Y., Tomovski Z. Operational method for the solution
of fractional di�erential equations with generalized Riemann-Liouville
fractional derivatives // Fract. Calc. Appl. Anal. 2009. Vol. 12. � 3. P.
299�318. URL: http://www.math.bas.bg/ fcaa/volume12/fcaa123

[6] Kim M. Ha, Chol Ri. G., Chol O. H. Operational method for solving
multi-term fractional di�erential equations with the generalized frac-
tional derivatives // Fract. Calc. Appl. Anal. 2014. Vol. 17. � 1. P.
79�95. DOI: 10.2478/s13540-014-0156-6

[7] Samko S. G., Kilbas A. A., Marichev O. I. Fractional integrals and
derivatives. Theory and Applications. � Gordon and Breach, Yverdon,
1993.

[8] Mainardi F. Fractional calculus: some basic problems in continuum and
statistical mechanics. In: Carpinteri A., Mainardi F. (eds.) Fractals and
Fractional Calculus in Continuum Mechanics. � Wien, Springer, 1997.

[9] Area I., Batar� H., Losada J., Nieto J. J., Shammakh W., Torres A. On
a fractional order Ebola epidemic model // Adv. El. J. Di�er. Equations.
2015. Vol. 1. ID 278. https://doi.org/10.1186/s13662-015-0613-5

[10] Hussain A., Baleanu D., Adeel M. Existence of solution and stability for
the fractional order novel coronavirus (nCoV-2019) model // Adv. in
Di�er Equations. 2020. Vol. 384. https://doi.org/10.1186/s13662-020-
02845-0

[11] Ullah S., Khan M. A., Farooq M., Hammouch Z., Baleanu D. A frac-
tional model for the dynamics of tuberculosis infection using Caputo-
Fabrizio derivative // Discrete Contin. Dyn. Syst., Ser. S, 2020. Vol. 13.
� 3. P. 975-993. doi: 10.3934/dcdss.2020057

[12] Kumar D., Baleanu D. Editorial: Fractional calculus and its applica-
tions in physics // Front. Phys. 2019. Vol. 7. � 6. DOI:
10.3389/fphy.2019.00081



64 T.K. Yuldashev, B. J. Kadirkulov

[13] Sun H., Chang A., Zhang Y., Chen W. A review on variable-order frac-
tional di�erential equations: mathematical foundations, physical mod-
els, numerical methods and applications // Fract. Calc. Appl. Anal.
2019. Vol. 22. � 1. P. 27�59. DOI: 10.1515/fca-2019-0003

[14] Saxena R.K., Garra R., Orsingher E. Analytical solution of space-
time fractional telegraph-type equations involving Hilfer and Hadamard
derivatives // Integral Transforms Spec. Funct. 2015. Vol. 27. � 1. P.
30�42. DOI: 10.1080/10652469.2015.1092142

[15] Patnaik S., Hollkamp J. P., Semperlotti F. Applications of variable-
order fractional operators: a review // Proc. A. 2020. Vol. 476. � 2234.
32 p. DOI: 10.1098/rspa.2019.0498

[16] Sandev T., Tomovski Z. Fractional equations and models: Theory and
applications // Dev. Math. Vol. 61, Cham. � Switzerland, Springer Na-
ture Switzerland AG, 2019. 345 p. DOI: 10.1007/978-3-030-29614-8

[17] Yuldashev T. K., Kadirkulov B. J. Boundary value problem for
weak nonlinear partial di�erential equations of mixed type with frac-
tional Hilfer operator // Axioms. 2020. Vol. 9. � 2. ID 68. 19 p.
https://doi.org/10.3390/axioms9020068

[18] Yuldashev T. K., Kadirkulov B. J. Nonlocal problem for a mixed type
fourth-order di�erential equation with Hilfer fractional operator // Ural
Math. J. 2020. Vol. 6. � 1. P. 153�167.
http://dx.doi.org/10.15826/umj.2020.1.013

[19] Yuldashev T. K., Karimov E. T. Inverse problem for a mixed type
integro-di�erential equation with fractional order Caputo operators and
spectral parameters // Axioms. 2020. Vol. 9. � 4. ID 121, 24 p.
doi:10.3390/axioms9040121

[20] Þëäàøåâ Ò. Ê., Îâñÿíèêîâ Ñ. Ì. Ïðèáëèæåííîå ðåøåíèå ñèñòåìû
íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåí-
òîì è ïðèáëèæåííîå âû÷èñëåíèå ôóíêöèîíàëà êà÷åñòâà // Æóðíàë
Ñðåäíåâîëæñêîãî Ìàò. Îáùåñòâà. 2015. Ò. 17. � 2. Ñ. 85�95.

[21] Þëäàøåâ Ò. Ê. Ïðåäåëüíàÿ çàäà÷à äëÿ ñèñòåìû èíòåãðî-äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ äâóõòî÷å÷íûìè ñìåøàííûìè ìàêñèìó-
ìàìè // Âåñòí. Ñàì. ãîñ. òåõí. óí-òà. Ñåð. Ôèç.-ìàò. íàóêè. 2008. Ò.
1. � 16. C. 15�22 https://doi.org/10.14498/vsgtu567

[22] Berdyshev A. S., Kadirkulov B. J. On a nonlocal problem for a fourth-
order parabolic equation with the fractional Dzhrbashyan�Nersesyan



Hilfer type Fractional Di�erential Equation with Nonlinear Maxima 65

operator // Di�er. Equations. 2016. Vol. 52. � 1. P. 122�127. DOI:
10.1134/S0012266116010109

[23] Malik S. A., Aziz S. An inverse source problem for a two parame-
ter anomalous di�usion equation with nonlocal boundary conditions
// Comput. Math. Appl. 2017. Vol. 73. � 12. P. 2548�2560. DOI:
10.1016/j.camwa.2017.03.019

[24] Erdelyi A. Higher transcendental functions (Bateman Manuscript Pro-
ject). � Vol. 1. � McGraw-Hill New York, California Institute of Tech-
nology, 1953.

[25] Chen S., Shen J., Wang L. Generalized Jacobi functions and their ap-
plications to fractional di�erential equations // Math. Comp. 2016. Vol.
85. P. 1603�1638. http://dx.doi.org/10.1090/mcom3035.

[26] Ôèëàòîâ À. Í., Øàðîâà Ë. Â. Èíòåãðàëüíûå íåðàâåíñòâà è òåîðèÿ
íåëèíåéíûõ êîëåáàíèé. � Ì.: Íàóêà, 1976. � 152 ñ.

T.K. Yuldashev (Ò.Ê. Þëäàøåâ)
National University of Uzbekistan

E-mail: tursun.k.yuldashev@gmail.com

B. J. Kadirkulov (Á.Æ. Êàäèðêóëîâ)
Tashkent State University of Oriental Studies

E-mail: kadirkulovbj@gmail.com

Received

17.10.2020

mailto:tursun.k.yuldashev@gmail.com
mailto:kadirkulovbj@gmail.com

	1 Introduction
	2 Formulation of the problem and fractional integral equation
	3 Unique solvability of problem 1, 2
	4 Continuous dependence of the solution from parameter omega
	5 Conclusion
	References

