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On new parametric representations of certain
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We de�ne new spaces of subharmonic functions in the unit
disk and provide characterizations of these new classes of func-
tions via parametric representation.
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1. Introduction

Assuming that D = {z2C : |z| < 1} is the unit disk of the �nite complex
plane C, T is the boundary of D and SH(D) is the space of all functions
subharmonic in D, introduce the following classes of functions:

S∞α =
{
f ∈ SH(D) : T (τ, f) ≤ Cf(1− τ)−α, 0 ≤ τ < 1

}
, α ≥ 0

where T (τ, f) is a Nevanlinna's characteristic of subharmonic function

T (r, f) =
1

2π

∫
T

f+(rτ)dτ,

z = rτ , 0 < r < 1, f+(z) = max(f(z), 0) (see eg. [5, 7]).
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It is obvious that if α = 0, then S∞0 = S, where S is the well-known
Nevanlinna's class of subharmonic functions in the unit disk. The following
statement holds by Nevanlinna's classical result on the parametric represen-
tation of S (see eg. [5,7,9]) and it serves (see [5,7,9]) as a base of all theory of
subharmonic functions of area Nevanlinna type spaces. The S class coincides
with the set of functions representable in the unit disk on a complex plane
in the following form

u(z) =

∫
D
G(τ, z)dµ(τ) +

1

2π

∫
T

(1− |z|2)
|1− exp(−iτ)z|2

dψ(τ)

where ψ is a function of bounded variation on T , µ is a positive Borel measure
in unit disk satisfying the following condition

∫
D(1 − |w|)dµ(w) < ∞ and

�nally G(τ, z) = log (τ−z)
(1−τz) .

The main goal of this paper is to obtain an analogue of this theorem
for certain new large classes of subharmonic functions which we will de�ne
below. For formulations of our main results we will need the following basic
de�nition which is crucial for this note. Let β > −1, z ∈ D, τ ∈ D, and τ is
not zero. Then we put (see [1])

Aβ(z, τ) = (1− z(τ)−1) exp
{
−β
π

∫
D
log |1− t(τ)−1|B(t, z)dm2(t)

}
,

where B(t, z) is well-known Bergman kernel (see [1, 2]). This is just one
factor in a well-known in�nite Djrbashyan product

∏
(z, zk) [1] which plays

important role in these issues. (see [1, 3, 4, 8]).
Note that result we formulated above appeared as an extension of another

classical result [1,5] on parametric representation of analytic area Nevanlinna
class N . To de�ne analytic N class we need to replace the Nevanlinna char-
acteristic of subharmonic function f by Nevanlinna characteristic of analytic
function f in our de�nition above of S spaces. (see [5, 7]) The same idea
can be used to de�ne ¾analytic subspace¿ of S∞α . The just mentioned asser-
tion says that the analytic Nevanlinna N class coincides with the space of
function representable in a form

f(z) = cλz
λB(z, {zk}) exp

{∫ π

−π

dµ(θ)

1− ze−iθ

}
, z ∈ D,
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where cλ is any complex number, λ is any non-negative integer, B(z, {zk}) is
the classical Blaschke product with zeros {zk}+∞k=1 ⊂ D enumerated accord-
ing their multiplicities and satisfying the condition

∑+∞
k=1 and µ(θ) is any

function of bounded variation in [−π, π]. We remark analytic area Nevan-
linna type spaces in the unit disk were studied by various authors for many
decades (see [1, 2] and references there). We also mention that on the other
hand all results of this note can be considered as complete analogues of fa-
mous Riesz theorem on integral representation of subharmonic functions in
Rn. For this last result we refer the reader to well-known monographs [5,7,9].

It should be mentioned these results about S andN spaces we formulated
above were later extended to various types of weighted N and S Nevanlinna
(analytic and subharmonic) spaces and Nevanlinna-Djrbashian spaces (see
eg. [1, 3, 4, 6]). The goal of this paper is continue our earlier investigation
started in [3, 4], of certain new large analytic area Nevanlinna type spaces
in the unit disk. Our intention here to de�ne new subharmonic analogues
of mentioned analytic spaces from [3,4] and to extend some results from [6]
on parametric representations of weighted S spaces to these new classes of
subharmonic functions. Note in previous papers [3, 4] we provided already
similar extension procedure extending some known classical results about
zero sets in certain analytic Nevanlinna spaces from [1] and from [2] to men-
tioned larger analytic spaces. For formulation of our theorems below we
introduce these spaces of subharmonic functions in the unit disk. We de�ne
three di�erent scales of large area Nevanlinna spaces in the unit disk. We
denote as usual by dm2(z) the normalized Lebegues measure in the unit disk
on the complex plane. Let further

Spα,β1 =

{
f ∈ SH(D) :

∫ 1

0

[∫ R

0

T (f, |z|)(1− |z|)αd|z|
]p

(1−R)βdR < +∞

}
,

S∞,pα,β1
=

{
f ∈ SH(D) : sup

0≤R<1

[∫ R

0

T p(f, |z|)|(1− |z|)αd|z|
]
(1−R)β1 < +∞

}
,

where it is assumed that β1 ≥ 0, α > −1, β > −1 and 0 < p < ∞.
To de�ne ¾analytic N parts¿ of de�ned spaces (for example Np

α,β classes)
we have to replace the T (f, r) function. Note that various properties of
analytic N∞,1α,0 were studied in [2]. In particular, both books [1, 2] provide
complete description of zero sets and parametric representations of analytic
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N∞,1α,0 classes. Later these assertions were extended by us to larger analytic
spaces which we just indirectly de�ned above in [3, 4].

In this note we consider the problem �nding complete analogues of known
results, for example, on Np,∞

α,β1
to all Sp,∞α,β1 subharmonic classes.

We assume in addition that

Sp,γ,v =

{
f ∈ SH(D) :

∫ 1

0

[sup0<τ<RT (f, τ)(1− τ)γ]p (1−R)vdR < +∞
}
,

where γ ≥ 0, v > −1 and 0 < p <∞.

The zero sets of ¾analytic part¿ of classes we de�ned N∞,pα,β was described
in [8] for β = 0 and later for all positive values of β in [3] and in [4].

It is not di�cult to verify that all the above mentioned analytic classes
are topological vector spaces with invariant metrics.

Throughout the paper, we write c to denote a positive constant which is
independent of the functions or variables being discussed but which depend
on various parameters.

2. On parametric representations of functions from

Spα,β, and S∞,pα,β and Sp,γ,v. Classes of subharmonic

functions in the Unit Disk

In this section we give concrete solutions of mentioned problems in de-
�ned above large subharmonic area Nevanlinna type classes in the unit disk.

We provide complete analogues of assertion about S above and assertions
from [3] and [4]. From one hand we expand a result from our just mentioned
paper to the case of all subharmonic functions from the other hand we ex-
tend the main result from [6] on parametric representation of S∞α space of
subharmonic functions to larger spaces of subharmonic functions in the unit
disk. First we formulate a result from [6] which extends the Nevanlinna's
theorem we formulated above to the weighted case. Below by Bp,q

s (T ) we
denote standard Besov space on a unit circle (see for example [1]) where p
and q are positive and less or equal ∞, s ∈ (0,∞)

Theorem A. The S∞α class coincide with the space of u functions which
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allows the following representation in unit disk D

u(z) =

∫
D
log |Aβ(z, τ)|dµ(τ) +Rec

∫
T

ψ(τ)

K(τ, z)
dτ,

where K(t, z) = (1 − z expit)β+1 where z belong to unit disk D and the

function is from Besov space on a unit circle T , namely from B1,∞
β−α+1(T ),

β > α−1 and the µ is a positive Borel measure in the unit disk D for which

the following condition holds n(r) < c
(1−r)α+1 , n(r) = µ(Dr), r ∈ (0, 1) and

in addition c = 1
2π .

The following theorems 1, 2, 3 give complete analogues of theorem A in
each space of subharmonic functions in the unit disk which we introduced
above. Note our results does not provide complete additional information
(via Besov spaces on a unit circle) about harmonic h function which can be
found in theorem A above. The author hopes to return to this issue later.

Theorem 1. The Sp,∞α,β class coincides with space of u functions which

allows the following parametric representation in the unit disk D

u(z) =

∫
D
log |As(z, τ)|dµ(τ) + h(z)

where β > 0, α > −1, p ∈ (0,∞), z ∈ D, and s ∈ (s0,∞) for some

�xed positive s0, h is an harmonic function in the unit disk, µ is a positive

Borel measure in the unit disk so that n(τ) < c(1 − τ)−1−p−α−β and where

τ ∈ (0, 1), n(r) = µ(Dr),Dr = {z : |z| < r}, r ∈ (0, 1) and the h function

satis�es the following condition, ln+|h| ∈ Spα,β, |h| = |h(z)|.
In the following assertions n(τ) and Dr have the same meaning, so we

will not de�ne them again.

Theorem 2. The Sp,γ,v class coincides with the space of u functions

which allows the following parametric representation in the unit disk D

u(z) =

∫
D
log |AS(z, τ)|dµ(τ) + h(z),

where γ > 0, v > −1, p ∈ (0,∞), z ∈ D, and s ∈ (s0,∞), for some positive

�xed s0, h is an harmonic function in the unit disk, µ is a positive Borel

measure in the unit disk so that
∫ 1

0 n(r)
p(1 − r)pγ+p+vdτ < ∞ and the h

function satis�es the following condition ln+ |h| ∈ Sp,γ,v, |h| = |h(z)|.
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Theorem 3. The Spα,β class coincides with the space of u functions

which allows the following parametric representation in the unit disk D

u(z) =

∫
D
log |AS(z, τ)|dµ(τ) + h(z),

where p ∈ (0,∞), α > 0, β > −1, z ∈ D, and s ∈ (s0,∞), for some positive

�xed s0, h is an harmonic function in the unit disk, and µ is a positive Borel

measure in the unit disk so that
∫ 1

0 n(r)
p(1 − r)αp+β+2pdr < ∞ and the h

function satis�es the following condition ln+ |h| ∈ Spα,β, |h| = |h(z)|.
Proofs of assertions we formulated above follow the same strategy as

in paper [6], but with more delicate estimates in proofs. Some estimates
from [3,4] will be used on that way.We note the complete proofs of these asser-
tions with other related results on area Nevanlinna spaces will be presented
elsewhere in a separate complete paper. The following assertions(Lemma
1-3) are serving as a base of proofs of theorems 1-3 we formulated above.
The rather technical proofs of lemma 1 lemma 2 and lemma 3 follow from
known vital estimate [1,2,8] of Djrbashyan As(z, w) factor which we formu-
late below as Lemma A and which has various applications in theory of area
Nevanlinna spaces [1, 2, 8]. Similar arguments were used also in [6]. The
following result can be found in [8].

Lemma A. Let z ∈ D, w ∈ D, w is not zero, β > −1 then

ln |Aβ(z, w)| < c(1− |w|2)β+2(|1− wz|)−β−2

Based partially on lemma A we get the following assertions.

Lemma 1. Let

F 1
s (z) =

∫
D
log |As(z, τ)|dµ(τ)

and let β > 0, α > −1, p ∈ (0,∞), let also z ∈ D, and s ∈ (s0,∞) for

some �xed positive s0. Let in addition also µ be a positive Borel measure in

the unit disk so that

n(τ) < c(1− τ)−1−p−α−β

where τ ∈ (0, 1), n(r) = µ(Dr), Dr = z : |z| < r, r ∈ (0, 1) then

F 1
s ∈ S

p,∞
α,β
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In addition u − F 1
s is an harmonic function for each u function from the

mentioned space.

Lemma 2. Let

F 2
s (z) =

∫
D
log |As(z, τ)|dµ(τ)

z ∈ D, and s ∈ (s0,∞) for some �xed positive s0. Let also γ > 0, v > −1,
µ be a positive Borel measure in the unit disk so that∫ 1

0

n(r)p(1− r)pγ+p+vdr <∞

then

F 2
s ∈ Sp,γ,v

In addition u − F 2
s is an harmonic function for each u function from the

mentioned space.

Lemma 3. Let

F 3
s (z) =

∫
D
log |As(z, τ)|dµ(τ)

z ∈ D, and s ∈ (s0,∞), for some �xed positive s0 and µ is a positive Borel

measure in the unit disk so that∫ 1

0

n(r)p(1− r)αp+β+2pdr <∞.

Let also α > 0, β > 0, p ∈ (0,∞) then

F 3
s ∈ S

p
α,β.

In addition u − F 3
s is an harmonic function for each u function from the

mentioned space.
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